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Abstract. We first formulate a general scheme for the classification of 2- 
compact groups in terms of maximal torus normalizer pairs. Applying this 
scheme, we show that all simple 2-compact groups are AT-deter mined. We also 
compute automorphism groups in many cases. As an application we confirm 
the splitting conjecture formulated by Dwyer and Wilkerson. 
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CHAPTER 1 


Introduction 


A p-conrpact group, where p is a prime number, is a p-complete space BX 
whose loop space X = XlBX has finite mod p singular cohomology. If G is a Lie 
group and no (G) is a finite p-group then the p-conrpleted classifying space of G is a 
p-conrpact group. The Sullivan spheres , n\{p— 1), or, more generally, the 

Clark Ewing spaces [9] are also examples of p-compact groups. These liomotopy 
Lie groups were defined and explored by W.G. Dwyer and C.W. Wilkerson in a 
series of papers [17, 18, 19, 16]. (Consult the survey articles [11, 33, 50, 41] for 
a quick overview.) They show that any p-compact group BX has a maximal torus 
BT — > BX and a Weyl group acting on the maximal torus. The Borel construction 
for this action is the total space BN of a fibration [17, 9.8] 

BT —> BN —> BW 

whose fibre is the maximal torus and whose base space is the classifying space of 
the Weyl group. By construction the monomorphism BT —> BX extends to a 
monomorphism BN — > BX. (Strictly speaking, BN is in general not a p-compact 
group as its fundamental group may not be a finite p-group; instead, BN is an 
example of an extended p-compact torus [18, 3.12].) In case G is a compact con¬ 
nected Lie group, the maximal torus normalizers in the Lie and in the p-compact 
group sense are essentially identical. The (discrete approximation to the) maximal 
torus normalizer of the Sullivan sphere is the semi-direct product Z/p°° x Z/n for 
the action of the cyclic group Z/n < Z/(p — 1) = Z* = Aut(Z/p°°) on Z/p°°. 
It is a conjecture, suggested by the analogous situation for connected compact Lie 
groups [10] (and some nonconnected ones [25, 26]), that BN determines BX. This 
classification conjecture has actually been verified for odd primes [44, 47, 2], For 
p = 2, however, only scattered results are known. 

The first obstacle for a classification of 2-conrpact groups in terms of their 
maximal torus normalizers is, in contrast to the odd p case, that the maximal torus 
normalizer does not retain information about component groups . For instance, 
the nonconnected 2-compact group BO(2n) and the connected 2-conrpact group 
BSO(2n + 1) have identical maximal torus normalizers. Thus the maximal torus 
normalizer in itself is simply not a strong enough 2-compact group invariant. That 
is why we replace maximal torus normalizers by maximal torus normalizer pairs. 

Consider a 2-conrpact group BX with identity component BX 0 — » BX and 
component group 7rg(Al) = X/X 0 . Then there is a map of fibrations 

Bjo 

BXo < BN 0 


BX -- BN 

Bttq(X) ■< - Bn 

where the top two horizontal arrows are maximal torus normalizers and the bottom 
horizontal arrow is an isomorphism between n = N/Nq and the component group. 
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1. INTRODUCTION 


We say that (BN, BN 0 ) —> (BX 0l BX) is a maximal torus normalizer pair for the 
2-compact group BX (2.2). Accordingly, two 2-compact groups, BX and BX', 
have the same maximal torus normalizer pair if there exists a commutative diagram 

BX o < BJ ° BN 0 BJ ° > BXq 

Bj Bj' 

BX - BN - BX' 

’ ' N ■ > ' 

Bir 0 (X) Bn —=-► Btt 0 (X') 

where the horizontal maps are maximal torus normalizers of 2-compact groups. 

We can now give a precise formulation of the classification conjecture for 2- 
compact groups. We shall say that a 2-compact group BX with maximal torus 
normalizer pair (BN, BNq) — > (BXq, BX) is totally N-determined (2.11) if 

(1) automorphisms of BX are determined by their restrictions to BN, and 

(2) for any other connected 2-compact group BX 1 with the same maximal 
torus normalizer pair as BX there exist an isomorphism Bf: BX —■> BX' 
and an automorphism Ba: BN —> BN, inducing the identity map on ho- 
motopy groups, making the diagram 

BN^^BN 

BX — BX' 

commutative 

We shall say that BX is uniquely N-determined if in addition the automorphisms 
of BX are determined by their effect on the (two nontrivial) homotopy groups of 
BN. (See Lemma 2.13 for a justification of the terminology.) The role of Ba is to 
compensate for the automorphisms of BN that do not extend to automorphisms of 
BX; such automorphisms do exist when p = 2 whereas they do not occur at odd 
primes. 

Here is the main result of this paper. The first item confirms a conjecture from 
[11, 5.1, 5.2], 

Theorem 1.1. (1) Any connected 2-compact group is isomorpic to BGx 

HDI(4)* for some compact connected Lie group G and some integer t > 0. 

(2) All connected 2-compact groups are uniquely N-determined. 

(3) All LHS (2.27) 2-compact groups are totally N-determined. 

The proof of this theorem, following the inductive principle of [18, 9.1], has two 
stages. The first stage consists in the reduction of the problem to case of connected, 
simple and centerless 2-compact groups. The next stage is an inductive case-by-case 
checking of the simple 2-compact groups. 

The classification conjecture for 2-compact groups can be reduced to the case 
of connected, centerless, and simple 2-compact groups because TV-determinism is 
to a large extent hereditary. It turns out (Chapter 2.2) that, under certain extra 
conditions, a 2-compact group with an Wdetermined identity component, is itself 
iV-determined. Also, a connected 2-compact group whose adjoint form, the quotient 
by the center, is TV-determined, is itself ^determined. Since any connected 2- 
compact group with trivial center is a product of simple 2-compact groups [19, 48] 
and products of IV-determined 2-compact groups are IV-determined, this reduces 
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the problem to the case of a connected, simple 2 -compact group with trivial center. 
This is the first stage in the classification procedure. 

Furthermore, any connected and centerless 2-compact group can be decomposed 
into a homotopy colimit of a system of 2-compact group of smaller dimension [15] 
and, under certain hypotheses (2.48, 2.51), iV-determinism is hereditary also under 
homotopy colimits. Thus there is a theoretical possibility of proving the classifica¬ 
tion conjecture by induction over the dimension. This is the second stage in the 
classification procedure. 

In this paper we go through the classification procedure for the 2-compact 
groups associated to the classical matrix Lie groups of the infinite A-, B-, C- and 
H-families, for the exceptional compact Lie groups G 2 , F 4 , E e , PE-j and Eg, and 
for the exotic 2-compact group DI(4) from [16]. The main difficulty is to show 
that the obstruction groups of 2.48 and 2.51 vanish. For this we use the computer 
algebra program magma. 

The main results are the theorems below (whose proofs are in Chapter 7 and 
in Chapter 8 ). 

Any connected Lie group G has an associated 2-compact group obtained as the 
2-completion of the classifying space of G. We shall denote the 2-compact group 
associated to G by G also. As 2-compact groups, SL(2n+ 1, R) and SO(2n+ 1), for 
instance, are synonyms because their classifying spaces are homotopy equivalent. 

Theorem 1.2. The simple 2-compact group PGL(?r+ 1,C), n > 1, is uniquely 
N-determined, and its automorphism group is 

Aut(PGL(n + 1, C)) = n :! 

I Z 2 Tt 1 

Theorem 1.3. The simple 2-compact groups PSL(2n, R), n > 4, SL(2n+l, R), 
n > 2, and PGL(n,H), n > 3, are uniquely N-determined for all n > 1. Their 
automorphism groups are 

fz x \Z x xE 3 n = 4 

Aut(PSL(2n, R)) = < Z X \Z 2 x (ci) n > 4 even 
[ Z 2 n > 4 odd 

where (cf) is a group of order two, Aut(SL(2n + 1,R)) = Z X \Z X for n > 2, and 
Aut(PGL(n,H)) = Z X \Z X for n > 3. 

Theorem 1.4. [60, 1.3] The simple 2-compact group G 2 is uniquely N-determined 
and its automorphism group is Aut(G 2 ) = Z X \Z 2 x C 2 . 

Theorem 1.5. The simple 2-compact group DI(4) is uniquely N-determined 
and its automorphism group is Aut(DI(4)) = Z X \Z 2 . 

Theorem 1.6. The simple 2-compact group F 4 is uniquely N-determined and 
its automorphism group is Aut(F 4 ) = Z X \Z 2 . 

Theorem 1.7. The simple 2-compact groups Eq, PE 7 and Eg are uniquely 
N-determined. 


The methods are not limited to simple nor even to connected 2-compact groups. 
Here are two examples of the type of consequences that can obtained for more 
general 2-compact groups. 


1.8. Corollary. [38, 1.9] The 2-compact group GL(n, C) is uniquely N- 
determined and its automorphism group is 


Aut(GL(n,C)) 


Z x \Autz 2 E2 (Z|) n = 2 
Aut Z2 E n (Z£) n> 2 
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1.9. Corollary. The 2-compact group GL(n,R) is totally N-determined for 
all n >2 and its automorphism group is 


Aut(GL(n, R)) 


{ Z X \Z. 2 X n > 3 odd 

Z x n = 2 

Z 2 x (5) n = 2 mod 4, n > 2 

Z X \Z X x (ci) x (8) n = 0 mod 4 


where ( 5) and (ci) are subgroups of order two. 


Related uniqueness results can be found in the papers [49, 51, 52, 60, 59, 58] 
by Dietrich Notbohm, Antonio Viruel and Ales Vavpetic, respectively. 



CHAPTER 2 


iV-determined 2-compact groups 


This chapter contains the fundamental definitions and the first general results. 
Whereas p-compact groups are determined by their maximal torus normalizers [47, 
2 ] when p > 2 , a finer invariant is needed for 2 -compact groups as there are examples 
(2.3) of distinct 2-compact groups with identical maximal torus normalizers. 

1. Maximal torus normalizer pairs 

Let No —> N be & maximal rank normal monomorphism between two extended 
2-conrpact tori, meaning simply that there exists a short exact sequence [17, 3.2] of 
loop spaces -/V 0 —> N —> n for some finite group n. For a 2-compact group, X, let 
(X,Xo) be the pair consistsing of X and its identity component X 0 . Then there is 
a short exact sequence X 0 — > X —> 7 r 0 (X) of loop spaces where 7 r 0 (X) = X/X 0 is a 
finite 2-group, the component group of X. 

2.2. Definition. If there exists a morphism of loop space short exact sequences 
[18, 2.1] 



where jo: No —> Xq and j: N —> X are maximal torus normalizers [17, 9.8], and 
7 T —> no(X) an isomorphism of finite 2-groups, then we say that (N,No) is a maxi¬ 
mal torus normalizer pair for (X,Xq). 

A maximal torus normalizer pair for X determines the maximal torus T(X), 
isomorphic to the identity component of N, the Weyl groups, W{X) = 7 t 0 {N) 
and W(Xo) = tt 0 (N 0 ), of X and X 0 , the component group 7 r 0 (X) = N/N 0 = 
W{X)/W{X 0 ) [37, 3.8], and [18, 7.5] the center Z(X 0 ) -► X 0 of X 0 [37, 18], 

2.3. Example. (1) Since GL(2,R) l E n = JV(SL(2ra + 1, R)) C GL(2n, R) C 
SL(2n +1, R), GL(2?r, R) and SL(2n+ 1, R) (Chp 5) have the same maximal torus 
normalizer. Their maximal torus normalizer pairs are distinct, however, as their 
component groups are distinct. 

(2) More generally [25], let G be any compact connected Lie group and N(G) its 
maximal torus normalizer. If N(G) is not maximal, there exists a compact Lie 
group H such that N(G) C H C G. The two compact Lie groups, G and H, have 
isomorphic maximal torus normalizers but distinct maximal torus normalizer pairs 
as H is nonconnected [6]. 

3. The Weyl groups for SL(2n + 1,R) (Chp 5) and GL(n,H), n > 3, (Chp 6 ) are 
isomorphic as reflection groups but A^(SL(2?r + 1, R)) is a split and iV(GL(n, H)) a 
nonsplit extension [10, 34] of the Weyl group by the maximal torus. Thus connected 
2-conrpact groups can not be classified by their Weyl group alone. 

2.4. The Adams—Mahmud homomorphism. For a 2-compact group (or 
extended 2-compact torus [18, 3.12]) X, we let End(X) = [BX,*; BX,*} denote 
the monoid of pointed homotopy classes of self-maps of BX. The automorphism 
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2. ^-DETERMINED 2-COMPACT GROUPS 


group Aut(A) C [BX, *; BX, *] of X is the group of invertible elements in End(A) 
and the outer automorphism group Out(A) = 7To(A)\ Aut(A) C [BX-,BX] is the 
group of conjugacy classes (free homotopy classes [18, 2.1]) of automorphisms of X. 

Let A be a 2-compact group with maximal torus normalizer pair (N,Nq). 
Turn the maximal torus normalizer Bj: BN —> BX into a fibration. Any au¬ 
tomorphism /: X —> X of the 2-compact group X restricts to an automorphism 
AM(/): N —> N of the maximal torus normalizer, unique up to the action of the 
Weyl group W(X 0 ) = iri(X/N) [37, 3.8, 5.6.(1)] of the identity component A 0 of 
X , such that the diagram 


B(AM(/)) 

BN - *~BN 



commutes up to based homotopy [44, §3]. The Adams-Mahmud homomorphism is 
the resulting homomorphism 

(2.5) AM: Aut(A) —► W(A 0 )\ Aut(IV) 
of automorphism groups. 

The automorphism group of N sits [42, 5.2] in a short exact sequence (T(A) is 
the discrete approximation [17, 6.5] to T(X)) 

(2.6) 0 -» H\W(X)-,T(X)) -► Aut (N) -^4 Aut(W(A),T(A),e(A)) -> 1 

where the normal subgroup to the left consists of all automorphisms of N that in¬ 
duce the identity on homotopy groups and the group to the right consists of all pairs 
(a, 0) £ Aut(W(A)) x Aut(T(A)) such that 9 is a-linear and the induced automor¬ 
phism ff 2 (a _1 ,0) [61, 6.7.6] preserves the extension class e( X) £ H 2 (W(X)-,T(X)). 
The image of W(Xq) in Aut(A) does not intersect the subgroup H 1 (W(X); T(A)) 
(as W(X 0 ) is represented faithfully in Aut(T(A)) [17, 9.7]) so there is an induced 
short exact sequence 

(2.7) 

0 -> H\W(X)-f{X)) -> W(X 0 )\Aut(N) ^4 W(X 0 )\Aut(W(X),T(X),e(X)) -> 1 

whose middle term is the target of the Adams-Mahmud homomorphism. In partic¬ 
ular, if X is connected, this short exact sequence 

(2.8) 0 -► H 1 (W(X)-, T(X)) Out(IV) ^4 W{X)\Aut{W(X),T(X),e(X)) 1 

has the group Out(IV) = W(X)\ Aut(IV) of outer automorphisms of N as its middle 
term. The group Aut(M / (A), T(X), 0) may also be described as the normalizer 
N G l(l(x))(W(X)) of W(X) in GL(L(A)) where L(X) = n 2 (BT(X)). This group 
evidently fits into an exact sequence [40, §2] 

(2-9) 

1 -> Z(W(X))\Aut Z2W{x) (L(X)) -+ W(X)\N Gh{L{x)) (W(X)) -+ Out tr (W(A)) 

where Aut z 2W (X)(L(X)) = Zj if A is simple by Schur’s lemma, and Outt r (IL(A)) 
is the group of outer automorphisms of W{ A) that preserve the trace taken in 

L( A). 


2.10. Totally A-determined 2-compact groups. We are now ready to for¬ 
mulate the concept of IV-determinism that will be used in this paper. The extra com¬ 
plications compared to the odd p case [44, 7.1] stem from the fact that H 1 (W;T), 
the first cohomology group of the Weyl group with coefficients in the discrete maxi¬ 
mal torus, is trivial for any connected p-compact group when p is odd [3] but when 
p = 2 it may very well be nontrivial [24]. 
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2.11. Definition. Let X be a 2-compact group with maximal torus normalizer 
pair (TV,TV 0 ) (X,X 0 ) (2.2). 

(1) X has IV-determined (7r*(IV)-determined) automorphisms if 

AM: Aut(X) -> Wo\ Aut(TV) (tt* o AM: Aut(A) -> W 0 \ Aut(W, T, e)) 
is injective. 

(2) X is IV-determined if, for any other 2-compact group X' with maximal 

torus normalizer pair (TV, No) ^> (X ', X(), there exist an isomorphism 
f: X —s- X' and an automorphism a € H 1 (W;T ) C Wo\ Aut(IV) such that 
the diagram 

(2.12) BN BN 

Bj 

BX BX' 

B J 

commutes up to based homotopy. 

Furthermore, we say that 

• X is totally N-determined if X has TV-determined automorphisms and is 
TV-determined, 

• X is uniquely TV-determined if X is totally TV-determined and X has 
7r* (TV)-determined automorphisms. 

If X is a totally TV-determined 2-compact group then 

X is uniquely TV-determined H 1 (W;T) n Aut(JV) = 0 

as we see from the short exact sequence (2.7). 

2.13. Lemma. Let X be a 2-compact group as in Definition 2.11. 

(1) X has TV -determined automorphisms if and only if for any a £ Wo\ Aut(TV) 
with n^(Ba) = Id and for any 2-compact group X' as in 2.11.(2) there is 
at most one isomorphism f: X —> X' such that diagram (2.12) commutes 
up to based homotopy. 

(2) X has 7 t*(TV)- determined automorphisms if and only if for any given X' as 
in 2.11. (2), diagram (2.12) has at most one solution (/, a) with ir*(Ba) = 

Id . 


Bj 1 


Proof. (1) Suppose that X has TV-determined automorphisms. Let (/i,a) 
and (/ 2 ,a) be two solutions to diagram (2.12) with the same a £ H 1 (W;T) C 
IP(Ao)\ Aut(TV). Then AM(/ 2 _ 1 /i) is the identity of IT(Ao)\ Aut(TV) and since 
AM: Aut(X) —> II / (Ao)\ Aut(TV) is injective, f\ = f 2 - For the converse, take Ba 
to be the identity of BN and take X' to be X. Then the assumption is precisely 
that AM is injective. 

(2) Suppose that X has 7 T*(TV)-determined automorphisms and let (fi,a±) and 
(/ 2 iCC 2 ) be two solutions to diagram (2.12). Then AM (/^Vi) = af 1 a± £ AM(Aut(A))fl 
H 1 (W(X)-, T(X)) and this intersection is trivial by hypothesis. Thus AM(/ 2 _ 1 /i) = 

1 and /2 = /i as AM is injective. If X does not have 7 r*(TV)-determined automor¬ 
phisms, then AM(/) lies in H 1 (W(X);T(X)) C IT(Ao)\ Aut(TV) for some nontriv¬ 
ial / £ Aut(X) so that (/, AM(/)) and (1,0) are two solutions to diagram (2.12) 
with X' = X and f = j. □ 

2.14. Example. For (the 2-compact group associated to) a connected Lie group 
G, the cohomology group H 1 (W(G);T(G)) is always an elementary abelian 2- 
group [35, 1.1] (2.21). For instance, this first cohomology group has order two 
for G = PGL(4, C) [34, Appendix B], Let a be an isomorphism of TV(PGL(4, C)) 
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representing the nontrivial element of H l (W\T). The unique solution (2.13.(2)) to 
diagram (2.12) is 

TV(PGL(4, C)) -TV(PGL(4, C)) 

i j' 

PGL(4, C) PGL(4, C) 

when we use the morphisms j, induced by an inclusion of Lie groups, and j' = ja 
for maximal torus normalizers. This example demonstrates that, in contrast with 
the p odd case [44, 7.1] [47, 2], diagram (2.12) can not always be solved with a the 
identity. 


2.15. Lemma. Let X be a connected 2-compact group with maximal torus nor- 
malizer j: N —> X and maximal torus T N X. 

(1) X is N-determined if and only if for any other connected 2-compact group 
X' with maximal torus normalizer j': N —> X' there exists a morphism 
f: X —> X' such that 

(2.16) BT 



BX -—- BX' 

commutes up to conjugacy. 

(2) X is uniquely N-determined if and only if for any other connected 2- 
compact group X' with maximal torus normalizer Bj': BN —> BX' there 
exists a unique morphism Bf: BX —> BX' such that (2.16) commutes up 
to homotopy. 

Proof. (1) Suppose that the connected 2-compact group X is TV-determined 
and let X 1 be another connected 2-compact group with the same maximal torus 
normalizer. Then X and X' have the same maximal torus normalizer pair, (TV, TV), 
and therefore diagram (2.12) admits a solution (/, a) such that n*(Ba) is the iden¬ 
tity. In particular, n 2 (Ba) is the identity of n 2 (BT) which means that Ba restricts 
to the identity on the identity component BT of BN. 

Conversely, under the existence assumption of point (1), we shall show that 
X is TV-determined. Let X' be another 2-compact group with the same maxi¬ 
mal torus normalizer pair as X. Since the maximal torus normalizer pair informs 
about component groups (see the remarks just below 2.2), X' is connected. By 
assumption, there exists a morphism, in fact [19, 5.6] [45, 3.11] an isomorphism, 
Bf: BX —> BX' under BT. Let Ba: BN —> BN, Ba G Out(TV) = W\ Aut(TV), 
be the restriction of Bf to BN [47, §3] so that 


BN 

Bj 

BX 


Ba 



BN 

Bj' 

' 1 

BX' 


commutes up to based homotopy as in the definition of the Adams-Mahmud ho¬ 
momorphism (§2.4). The further restriction of Ba to the maximal torus BT agrees 
with the restriction of Bf to BT, the identity of BT, up to the action of a Weyl 
group element w G W because W\[BT, BT] = [BT,BX'\ [43, 3.4] [19, 3.4]. Since 
tti(BN) = W is faithfully represented in n 2 {BT) for the connected 2-compact group 
X' [17, 9.7], it follows that TTi(Ba) is conjugation by w. Thus Ba belongs (2.8) to 
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the subgroup H 1 (W]T) of Out (TV) so that (/, a) is a legitimate solution to diagram 

( 2 . 12 ). 

(2) Suppose that X is uniquely TV-determined and let X' be another connected 
2-compact group with the same maximal torus normalizer as X. From point (1) 
we already know that there exists at least one isomorphism /: X —> X' under T. 
Suppose X — > X' are two such isomorphisms under T. Then ff 1 ,/T is an 

automorphism of X under T, i.e. 7 r»(BAM(/ ; )" 1 /i)) G 1F\ Aut(W, T) is the identity. 
As 7 T* o AM is injective, ff 1 fi is the identity of X, so /i = f- 2 - 

Conversely, under the existence and uniqueness assumption of point (2), we shall 
show that X is uniquely TV-determined. By point (1), X is TV-determined, so we 
only need to show that 71* o AM is injective. Let /: X —> X be an automorphism 
of X such that 7 r*(BAM(/)) € W\Aut(W, T) is the identity. Since BAM(/) is 
determined only up to conjugacy, we may assume that 7 r*(BAM(/)) is the identity 
of 7 r»(i?TV). In particular, 7 T 2 (BAM(/)) is the identity of 7 r 2 (BT) meaning that / is 
an automorphism under T. The identity of X is also an automorphism under T, 
so / is the identity automorphism of X by the uniqueness hypothesis. This shows 
that 7 T* o AM is injective. □ 


2.17. Lemma. Let X be a connected 2-compact group with maximal torus nor¬ 
malizer TV X. 

(1) Out(TV) = H 1 (W(X);T{X)) ■ AM(Aut(A)) if X is TV -determined. 

(2) Out (TV) £* H^wlx^flx))^ iAut(X) and Aut(X) £* W(X)\ Aut(W(X), T(X), e(X)) 
if X is uniquely N-determined. The group Aut(IT(X), T(X), e(X)) is 

a subgroup of TVgl(l(.y))(W^(AT)) (2.9) and isomorphic to this group if 
e(X) = 0. 

Proof. (1) For any (3 G Out(TV) there exist an automorphism a G H 1 { W (A); T(X)) C 
Out (TV) and an automorphism / G Aut (AT) such that the diagram 


BN^^BN 


Bj 

\ 

BX 


Bf 


| BjoB/3 

BX 


commutes up to homotopy (2.11.(2)). Thus AM(/) = f3a in Out(TV) (§2.4). 

(2) If the connected 2-compact group X is uniquely TV-determined, then there is 
commutative diagram 


0- H 1 (W(X); T(X)) -^ Out (TV) —A- IF(A)\ Aut(W(A), T{X), e(X)) -1 

AM 

Aut(A) 



where the top row is the short exact sequence (2.8). The composite homomorphism 
7 T* o AM is injectice by assumption (2.11.(1)). It is surjective since Out(TV) is 
generated by H 1 (W(X)\T(X)) by item (1) of this lemma. Thus 7 r* o AM is an 
isomorphism and AM is a splitting of the short exact sequence (2.8). □ 


As evidence of the conjecture that all connected 2-compact groups are uniquely 
TV-determined we note that all compact connected Lie groups have 7 r*(TV)-determined 
automorphisms [31, 2.5] and satisfy the above two formulas for automorphism 
groups [25, 3.10], 

With a view to the situation for possibly nonconnected 2-compact groups, let 
Aut(TV, TV 0 ) denote the subgroup of Aut(TV) consissting of all automorphism f G 
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Aut(iV) such that 7r 0 (</>) takes tt 0 (N 0 ) to itself inducing an isomorphism 

n 0 (N 0 ) -7r 0 (AT)->- tt 

— Si ttqW Si 

7T 0 (No) -7To (TV)-7r 

of short exact sequences. Since H 1 (W;T) is contained in Aut {N,N 0 ), there are 
short exact sequences similar to (2.6) and (2.7) except that Aut(W, T, e) has been 
replaced by its subgroup Aut(T, W. Wo, e) of all (a, 9) € Aut(W, T, e) for which 
a(Wo) = Wo. (If N = No, then Aut (AT) = Aut(lV, No).) Observe that the Adams- 
Mahmud homomorphism for a nonconnected 2-compact group actually takes values 
in the subgroup W (A 0 )\ Aut (AT, N 0 ) of W (Xq)\ Aut (AT). 

2.18. Lemma. Let X be a 2-compact group with maximal torus normalizer pair 
{N, N 0 ) —> (X, Xq). 

(1) W (X 0 ) \ Aut(N, N 0 ) = i7 1 (IL(X);T(A))-AM (Aut (X)) ifX is N-determined. 

(2) W(Xo)\Aut(N,N 0 )^H\W(Xy,f(X))x H1MxyM x 0 ))^(X) if X is 
totally N-determined. 

Proof. The first item is proved like the first item in 2.17. The claim of the 
second item is that 

H'froiXyJiXoW --Aut(X) 

AM 

H\W{X)-T{X)f -^ W (A 0 )\ Aut (AT, N 0 ) 

is a push-out diagram. This is proved in 2.37 (allowing ourselves to refer ahead!). □ 

2.19. Remark. When the 2-compact group X has ^determined automor¬ 
phisms, also the unbased Adams- Mahmud homomorphism 

Out(A) = 7r 0 (X)\ Aut(X) Out(Af) = n 0 (N)\ Aut (AT) = 7r 0 (X)\W(X 0 )\ Aut (AT) 
is injective. 

2.20. Regular 2-compact groups. For a connected 2-compact group X with 
maximal torus T —> X and Weyl group W, let 

(2.20) 0 = 6{X): Hom(fF, T w ) = H\W; T w ) H\W; T) 

be the homomorphism induced by the inclusion T w T. Following [24, 5.3] we 
say that X is regular if (2.20) is surjective. See [35] for a thorough investigation of 
9. 

2.21. Lemma. [35] Let X be the connected 2-compact group associated to a 
connected Lie group. Assume that X contains no direct factors isomorphic to an 
odd orthogonal group SO(2n+ 1), n > 1. Consider the homomorphism 9 = 9(X) 
(2.20) associated to X. 

(1) Horn (W,T w ) and H l (W-,T) are F 2 -vector spaces, and the kernel of 9, 
consisting of those homomorphisms W —> T w that are principal crossed 
homomorphisms W —=>T, is an F 2 -vector space of dimension equal to the 
number of direct factors of PX isomorphic to SO(2 n +1), n > 1. 

(2) Suppose that the projective group PX contains no direct factors isomorphic 
to an odd orthogonal group SO(2n + 1), n > 1, PSU(4), PSp(3), PSp(4), 
or PS0(8). Then X is regular. 
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Proof. (1) Hom(IT, T) and its subgroup Hom(W / , T w ) are elementary abelian 
2-groups since the abelianization W a b of W is an elementary abelian 2-group of 
finite rank. The cohomology group H 1 (W-,T) is isomorphic to H 2 (W]L ® Z 2 ) 
where L is the fundamental group of the Lie group maximal torus of the Lie group 
underlying the 2-compact group X. Homological algebra shows that H 2 (W]L ® 
Z 2 ) = H 2 (W;L) (g> Z 2 where H 2 (W\L) is an elementary abelian 2-group by [35, 
1.1]. The injection T w -> T of IT-modules gives a coefficient group long exact 
sequence 

0 -> (f/T w ) W -► Horn (W,T w ) 4 H\W;T) -» H\W;f/f w ) -> H 2 (W;T w ) -> 

in cohomology. Thus the kernel of 9 is isomorphic to (T/T w ^ in general. If X 
is without direct factors isomorphic to SO(2n +1), then T w is the center of X, 
T/T w is the maximal torus of the adjoint 2-compact group PX, and (T/T w ) M is 
isomorphic to (Z/2) s where s is the number of direct factors isomorphic to an odd 
special orthogonal group in the adjoint 2-compact group PX [35, 1.6] [37, 4.6, 4.7]. 
(See 2.25 for the general case.) 

(2) The discrete maximal torus of PX = X/Z(X ) is T(PX) = T/T n for Z(X) = 
T w as X contains no direct factors isomorphic to an odd orthogonal group. The pro¬ 
jective group PX = Gi splits as a product of simple and centerfree compact Lie 
groups Gi all of which satisfy T w (Gi) = 0 since they are not odd orthogonal groups. 
Therefore H 1 {W-,T/T w ) = H^U IT^); ft T’(G'O) = II &(]¥&)•, T(Gi)) and 
these cohomology groups are trivial except in the excluded cases [24] . By the above 
exact sequence, 9 is surjective. □ 


For a compact connected Lie group X, let s(X) denote the number of direct fac¬ 
tors of X isomorphic to SO(2?z+1) with n > 1. (Keep the low degree identifications 
(9.25) in mind.) 

2.22. Lemma. Let X be a compact connected Lie group and PX its adjoint 
form. The kernel of9(X): IL 1 (IF;®)(X) —> H 1 (W- 1 T)(X) is an ¥ 2 -vector space of 
dimension s{PX ) — s(X). 

Proof. In the exact sequence 

0 Z ->T W ( T/Z) W -> H\W;Z) -> H\W-,T) 

induced from the inclusion Z —> T of IF-modules, the fixed point groups T w = 
Z(X) x 2 s W and ( f/Z) W = Z(X/Z) x 2< x / z '> = 2< x / z '> [35, 1.6]. □ 


2.23. Lemma. Let X be a connected 2-compact group with maximal torus T —> 
X and Weyl group W, and let Z —> T —» X be a central monomorphism. If X is 
regular and H 2 (W’,Z) —> H 2 (W;T) is injective, then the quotient 2-compact group 
X/Z is regular. 

Proof. Since the hypothesis implies that H 1 (W;T) —» H 1 (W;T/Z) is surjec¬ 
tive, the claim follows from the commutative square 


Horn (IT, T w ) 
H 1 (W;T) 


■ Hom(W, ( T/Z ) w ) 

6(X/Z) 

^ H\W-T/Z) 


induced by the projection T —> T / Z of IT-modules [37, 4.6]. □ 

2.24. Example. (1) GL(m, C) is regular for all m > 1. For m = 1, this is 
obvious. For m > 2, the restriction homomorphism (S = Z/2°°) 


Hom(E m ,S) = H\E m -S) 


I7 1 (E m ;5 m ) =' r ° F^Em-r; S) = Hom(E m _ 1 , S) 
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is bijective and for to = 2 it is surjective. It now follows [24, 5.7] that all products 
[][ GL (m,j, C) are regular. 

(2) PGL(m, C), 2 < to, is regular for to ^ 4 since (2.23) 

Horn(H 2 (S m ), S) = H 2 (E m -S ) tf 2 (£ m ; S m ) Sh ® ir ° H 2 (S m _ i; S) = Hom(i7 2 (S m _ 1 ), S) 

is then an isomorphism. The 2-compact group PGL(4, C) is not regular as i4 1 (IT; T) = 

Z/2 is nontrivial while the discrete center T w is trivial. 

2.25. Remark. If X = SO(2 n + 1 ),n> 1, then T w = Z/2, W ab is Z/2 for 
n = 1 and (Z/2 ) 2 for n > 2, 9: Hom(IT, T w ) —» H 1 (W-,T) is surjective [24, 5.5], 
and H 1 {W\T) is trivial for n = 1, Z/2 for n = 2, and (Z/2 ) 2 for n > 2 [24, Main 
Theorem, 5.5]. Thus the kernel of 6 * is 

/ f / fw\ w _ fZ/2 n=l,2 

1 7 ' (0 n > 2 

In general, write the connected Lie group X = Xi x X 2 where Xi is the product of 
all direct factors of X isomorphic to SO(2n +1) for some n > 1 and X 2 is without 
such direct factors. Then 

( T/T W ) W = x (f 2 /T^ W2 = (Z/2) s ^ {x) x (Z/2) s{PX2) 

where s< 2 (X) is the number of direct factors of X isomorphic to SO(3) or SO(5) 
and s(PX 2 ) is the number of direct factors of PX 2 isomorphic to SO(2n + 1) for 
some n > 1 . 

2.26. LHS 2-compact groups. Let No —» N be maximal rank normal monomor¬ 
phism between two extended 2 -compact tori, i.e. a commutative diagram with rows 
and columns that are short exact sequences of loop spaces [17, 3.2] 

T T -- {1} 


N 0 -- N - W/Wq 


W 0 - W ->- W/W 0 

where T is a 2-compact torus and Wo = 7 To(Nq) a normal subgroup of the finite 
group W = tto{N). The 5-term exact sequence 

0 -> 7L 1 (IT/IT 0 ;T Wo ) ^ i^ 1 (IT;T , ) 7L 1 (W 0 ; f) w ^ w ° H 2 {W/W 0 \T Wo ) ^ H 2 {W-,T) 

is part of the Lyndon-Hochschild -Serre spectral sequence [27] converging to H* (W ; T). 

2.27. Definition. A 2-compact group with maximal torus normalizer pair 
(N,No) is LHS if the restriction homomorphism res: H 1 (W;T) —> H 1 (Wo;T) w / w ° 
is surjective. 

Thus X is LHS if and only if the initial segment of the Lyndon-Hochschild -Serre 
spectral sequence 

0 -> H 1 (W/Wo',T w °) H\W;T) ^ H 1 {W 0 \f) w/w ° -» 0 

is exact. If T w ° = 0 or W = Wo x W/W 0 is a direct product, then X is LHS. Note 
that the Weyl group of a compact Lie group G is always the semi-direct product 
W(G) = W(Go) x 7 t 0 (G) for the action of the component group 7r 0 (G) on the Weyl 
group W(Go) of the identity component [25, §2.5]. (In fact, It is not so easy to find 
a nonconnected compact Lie group G for which the extension Go —> G —> G/Go = 7r 
is nonsplit [26].) 
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2.28. Lemma. Let W = W(X) be the Weyl group of the 2-compact group X, 
Wq = W(X o) the Weyl group of the identity component, and n = W/Wq the com¬ 
ponent group [37, 3.8] of X. IfW — Wq x 7 t is a semi-direct product and 

e{X 0 y-. Hom(Wo, T Wo ) 7r —> iL 1 (W 0 ;T) 7r 
is surjective, then X is LHS. 

Proof. Assume that the group G = H x Q is the semi-direct product for a 
group action Q — > Aut(iL), and let A be a G-module. We show that the image 
of the restriction homomorphism res: H 1 (G\A) — > if 1 (if; A)® contains the image 
of 9 Q : Horn (H,A h )Q -> H\H-A)Q. Let <f> G Horn (H,A h )Q be a Q-equivariant 
homomorphism of H into the fixed point module A H . Then 6(<f>) G If 1 (If; A)® is 
the cohomology class represented by the crossed homomorphism <f>: H —> A H C A. 
If we define (f) : H x Q — » A by (j){nq) = <t>(ri), n G H, q G Q, then 


<P(niqin 2 q 2 ) = 4>(ni{qin 2 q 1 X )qiq 2 ) = {qi-n 2 )qi q 2 ) = (t>{n 1 (q v n 2 )) = 0(ni)+0(<?i-n 2 ) 

= + qi</>(n 2 ) 

and also 

— — def 

<t>{niqi) + niq\cj){n 2 q 2 ) = (f(n\) + rnqi<j)(n 2 ) = 4>{ni) + qi(/){n 2 ) 

as qi4>(n 2 ) G A H . This shows that the crossed homomorphism <t> defined on H 
extends to a crossed homomorphism <f> defined on G = H x Q. (I do not know if the 
LHS spectral sequence differential d 2 : H 1 (IL;A) < 5 —> H 2 (Q;A h ) is always trivial 
for a semi-direct product H x Q of finite groups.) □ 


The next example demonstrates that condition 2.28 is not necessary. 


2.29. Example. (1) X = PGL( 6 ,R) = PSL( 6 ,R) x C 2 does not satisfy the 
condition of 2.28 for H 1 (Wo',T) = Z/2 [24, Main Theorem] while T w ° = Z(X o) = 
0. Nevertheless, X is LHS because also H 1 (W;T) = Z/2 (computer computation). 

(2) X = PGL( 8 , R) = PSL( 8 , R) x C 2 does not satisfy the condition of 2.28 for 
H 1 (Wo;T) = Z/2©Z/2 [24, Main Theorem] while T w ° = Z(X o) = 0. Nevertheless, 
X is LHS because H 1 (W;T) = Z/2 and the outer automorphism group C 2 acts 
nontrivially on H 1 (Wq;T) (computer computation). 

(3) When X 0 = SL(2, C), the Weyl group Wq = E 2 has order two, the center Z = 
T w ° also has order two, and H 1 (Wq ; T) — 0 is trivial, so the homomorphism 0(Xo) 
is trivial as well, of course. Indeed, the nontrivial homomorphism Wq —> Z C T 
is the principal crossed homomorphism corresponding to the element diag(?’, —i) of 
the maximal torus. More generally, the direct product Xq = SL(2, C) r is regular 
[24, 5.7], has Weyl group lT 0 r , center Z r , and 2.21.(1) identifies the kernel of 8(Xo) 
enabling us to conclude that 


(2.30) 


H\W;f)(X r 0 ) 


Hom(W 0 r , Z r ) 
Hom(Wo, Z) r 


is an F 2 -vector space of dimension r 2 — r as in [24, 5.8]. Let X = Xq x C 2 be the 
semi-direct product for the nontrivial outer automorphism of A/). The component 
group of X r acts trivially on (2.30) and as H 1 (W; T) ( X r ) has dimension 2?’ 2 — r 
(by induction) and Z r ) dimension r 2 , the direct product X r is LHS for all 

r > 1 . 

(4) When X = SL(4, R), the Weyl group W = (a, c\c 2 ) = Z/2 x Z/2 is elementary 

abelian generated by cr = and cic 2 = diag(—1,1, —1,1). The center Z = 

T w = (diag(—1, — 1, — 1, — 1)) = Z/2 has order 2, and the first cohomology group 
H 1 (W;T) = 0 is trivial, so the homomorphism 9: Hom(H / ;T w/ ) —> H 1 {W;T) is 
also trivial, of course. Indeed, the principal homomorphism ip(w) = (w-tf-G 1 : W —* 
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T, is the first coordinate function W —> Z(X) when t = diag(— E, E) and the second 
coordinate function when t = diag(/, I). The outer automorphism, conjugation with 
D = diag(—1,1, 1,1) G GL(4,R), sends a to a D = a(cic 2 ) and C 1 C 2 to itself. 

More generally, when X r is a product of r copies of SL(4, R), the Weyl group W r 
is a product of r copies W = W(SL(4, R)) = Z/2 x Z/2, the center Z(X) = Z r is a 
product of r copies of Z = Z( SL(4, R)) = Z/2 and as 6: Hom(IU r , Z r ) —» H 1 (W; T){X r ) 
is surjective [24, 5.5, 5.7], the first cohomology group 


H\W;T)(X r ) 


Hom(IU r , Z r ) 
Horn(W, Z) r 


has dimension 2 r 2 — 2 r over F 2 (2.21). The component group 7To(GL(4, R) r ) = CJ 
acts on this F 2 -vector space such that the space of fixed vectors has dimension 
r 2 — r. By induction we see that H 1 (W; T)(GL(4, R) r ) is an F 2 -vector space of 
dimension 2 r 2 — r and clearly R 1 (C Z r ) has dimension r 2 . Thus GL(4, R) r is LHS 
for all r > 1. 

(5) The homomorphisms 9 is surjective for SL(2n, R) for all n > 1 [24, Main The¬ 
orem, 5.4] and R 1 (fF;T)( SL(2n,R)) = 0 for n = 1,2 and H 1 (W;T)(SL(2n, R)) = 
Z/2 for n > 3. Hence GL(2n, R) is LHS for all n > 1 by 2.28. 


I do not know any examples of 2-compact groups that are not LHS. 

The coefficient group short exact sequence 0——» 0 gives the 
exact sequence 

0 -► H°(W ; L) H°(W;L® Q) -► H°(W;T) H\W;L) -► 0 


form which we see that 
(2.31) H ri (fF;T) 


H°{W;L®Q)/H°{W;L)®H 1 {W;L) i = 0 
H l+1 {W;L) i> 0 


2.32. The center of the maximal torus normalizer. We need criteria 
to ensure that the center of the 2-compact group X agrees with the center of its 
maximal torus normalizer. (This is automatic when p > 2 [44, 3.4] but not when 
P = 2 [18, §7].) 


2.33. Proposition. Let X be a 2-compact group with identity component Xq. 
If Z{X 0 ) = Z(N(X 0 )) and Xq has N-determined automorphisms, then Z(X) = 
Z(N(X)). 

Proof. This is proved in [47, 4.12] for p-compact groups where p is odd. If we 
replace the assumption that p is odd by the assumption that Z{X 0 ) = Z(N(X 0 )) 
(which always holds when p > 2 [18, 7.1]), then the same proof works also for 
2-compact groups. □ 


Assume now that X is a connected 2-compact group. Then Z(N(X)) = 
T{X) and there is an injection Z(X) c —> Z(N(X)) which is not necessarily 
an isomorphism [18, §7]. 

Inspection shows that Z(G) = ZN{G ) for any simply connected compact Lie 
group G; see [13, 1.4] for a conceptual proof of this fact. In fact, Z(G) = ZN{G) 
for any connected compact Lie group G containing no direct factors isomorphic to 
SO(2n + 1) [35, 1.6]. 

Let Z —> N(X) be a central monomorphism such that also the composition Z —> 
N(X) —» X is central. Under these assumptions, the quotient loop spaces N(X)/Z 
and X/Z can be defined [18, 2.8]. The action map [17, 8 .6] BZ x BN(X) —> 
BN(X) induces an action [BN(X), BZ] x Out(N(X)) —> Ou t(N(X)) of the group 
[BN(X),BZ] £* H\N(X)-Z) on the set Out(iV(X)). Let [BN(X), BZ} {1) denote 
the isotropy subgroup at (1) G Out(iV(X)). 
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2.34. Lemma. If Z{X) = Z(N(X)) and [BN(X),BZ] (1) = 0, then Z{X/Z) = 
ZN(X/Z). 

Proof. Using [37, 4.6.4], the assumption of the lemma, and [47, 5.11], we get 
Z{X/Z) = Z{X)/Z = Z(N(X))/Z = Z(N(X)/Z) = ZN(X/Z). □ 


2. Reduction to the connected, centerless (simple) case 


In this section we reduce the general classification problem first to the connected 
case and next to the connected and centerless case. We first show (2.35, 2.40) that 
if X is any nonconnected 2-compact group with identity component Xq then 

Xq is uniquely IV-determined 1 

X is LHS > => X is totally IV-determined 

H^W/Wq; Z(X 0 )) -> H^W/Wq; T w °) is injective for * = 1 ,2 J 


The LP-injectivity conditions holds when Xq is a connected Lie group [35, 1.6] or 
equals DI(4) [16, 52], To see this observe that the condition obviously holds when 
Z{X o) = T(Xq) w ° or Z(X o) is trivial. We shall later see that any connected 2- 
compact group splits as a product of a compact connected Lie group and a finite 
number of DI(4), and from this it follows that this condition is always satisfied. 
Indeed, let X 0 = G x G" x DI(4) S where G' is a connected compact Lie group 
with no direct factors isomorphic to SO(2n+ 1), G" is a direct product of SO(2?r + 
l)s, and s > 0 . The ttq(X)- equivariant group homomorphism Z(G') = Z(X o) —> 
T(G') W{G x T(G") w ( g ) has a left inverse since it takes Z(G') isomorphically to 
the 7 To(X)-subgroup {1} x T(G") w ^ g •* of the left hand side. The induced map on 
cohomology therefore also has a left inverse. However, it is not at present clear if 
all nonconnected 2-compact groups are LHS. 

Next we consider a connected 2-compact group X with adjoint form PX = 
X/Z{X) [18, 2.8] and show (2.38, 2.42) that 


PX is uniquely IV-determined => X is uniquely IV-determined 


This reduces in principle the problem to the connected and centerless case. One can 
go a little further since connected, centerless 2 -compact groups split into products 
of simple factors [19, 48]. We show (2.39, 2.43) that 

X\ and X 2 are uniquely IV-determined ==> X\ x X 2 is uniquely IV-determined 


when Xi and X 2 are connected. Therefore it suffices to show that all connected, 
centerless and simple 2-compact groups are uniquely IV-determined. It is already 
known that all connected compact Lie groups as well as DI(4) have 7 r* (IV)-determined 
automorphisms [31, 52], 

Let X be a 2-compact group with maximal torus normalize!' pair (IV, Nq)(X) = 
(IV, IV 0 ). 


2.35. Lemma. [44, 4.2] Suppose that Xq has N -determined automorphisms. 

Then 

X has N-determined automorphisms H 1 (W/Wq; Z(X 0 )) —> H 1 (W/Wo] T w °) is injective 

Proof. The restriction of AM to the subgroup H 1 (W/Wq\ Z(X 0 )) c Aut(X) 
is the homomorphism 

(2.36) H 1 {W/Wq] Z(Xq)) -► H l (W/W 0 -,T Wa ) R 1 (IU;T’) 

where inf is the inflation monomorphism. If the first homomorphism has a nontrivial 
kernel, X does not have IV-determined automorphisms. Conversely, assume that 
the first homomorphism is injective, and let / € Aut(X) be an automorphism such 
that AM(/) e Wo\ Aut(IV) is the identity. Then AM(/ 0 ) € Wo\ Aut(IV 0 ) and 7r 0 (/) 
equal the respective identity maps. Since Xq has IV-determined automorphisms by 
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assumption, f 0 is the identity. Thus / belongs to the subgroup H 1 {W/Wq] Z(X 0 )) 
of Aut(X) [42, 5.2] where AM is injective, so / is the identity automorphism of X. 
(The description of the kernel in the short exact sequence of [42, 5.2] holds for all p- 
compact groups, not just those with a completely reducible identity component.) □ 

2.37. Lemma. Suppose that X has N-determined automorphisms and that Xq 
has n*(N)- determined automorphisms. Then Aut(X)niL 1 (W ; T) = H 1 (W/Wo; Z(X o)) 
so that 

X has Tr*(N)-determined automorphisms •<=4- H 1 (W/Wq; Z(Xq)) = 0 

Proof. Let / £ Aut(X) be an automorphism such that 7 r* AM(/) is the iden¬ 
tity. Then also 7 r* AM(/o) and 7 To(/) equal the respective identity maps. Since Xo 
is assumed to have 7 r* (X)-determined automorphisms, fo is the identity. Thus f 
belongs to the subgroup H 1 (W/W 0 -, Z(X 0 )) of Aut(X) [42, 5.2]. This shows that 
Aut(X) H H 1 (W;T) C H 1 (W/Wq; Z(X 0 )). The opposite inclusion is immediate 
from (2.36). □ 

2.38. Lemma. [44, 4.8] Suppose that X is connected. If the adjoint form PX = 
X/Z(X) has 7 r*(X)- determined automorphisms, so does X. 

PROOF. If f £ Aut(X) is an automorphism under T(X), the induced auto¬ 
morphism Pf £ Aut (PX) is an automorphism under T(PX), hence equals the 
identity, and the induced automorphism Z(f) £ Aut (ZX) is also the identity since 
the center ZX —> X factors through the maximal torus T(X) —> X [18, 7.5] [37, 
4.3]. But then / itself is the identity for Aut(X) embeds into Aut(PX) x Aut (ZX) 
[43, 4.3], □ 

2.39. Lemma. [47, 9.4] If the two connected 2-compact groups Xi and X 2 have 
N-determined (resp. 7 r*(X)- determined) automorphisms, so does the product X\ x 

x 2 . 


Proof. Since the statement concerning X-determined automorphisms is proved 
in [47, 9.4] we deal here only with the case of 7 r* (X)-determined automorphisms. 
Let / be an automorphism under T\ x X 2 of the product 2-compact group X\ x Xi- 
Then 

h : Xi Xi x AT 2 4 x X 2 -> X\ 
f 2 : X 2 ^ X x x X 2 4 A-, x X 2 X 2 

are endomorphisms under the maximal tori and therefore conjugate to the respective 
identity maps. But / is [47, 9.3] in fact conjugate to the product morphism (/ 1 , / 2 ) 
which is the identity. □ 

2.40. Lemma. ( (7/ [44 , 7.8]) Suppose that 

(1) Xq is uniquely N-determined. 

(2) X is LHS. 

(3) H 2 (W/Wo,Z(X 0 )) H 2 (W/W 0 ,T w °) is injective. 

Then X is N-determined. 

Proof. Let X' be another 2-compact group with maximal torus normalize!' 
pair (N,No). The assumption on the identity component Xo means (2.15) that 
there exists an isomorphism f 0 : X 0 —> X' 0 under T. For any £ £ W/Wq = N/No = 
X/Xo = X'/Xq, the isomorphism £/o £ -1 is also an isomorphism under T and thus 
£/o = /o£ as Xo is uniquely X-determined. By the second assumption, the auto¬ 
morphism «o = AM(/o): Xo —> Xo with 7r*(Pao) = Id extends to an isomorphism 
a: X —> X with n*(Ba) = Id. 



2. REDUCTION TO THE CONNECTED, CENTERLESS (SIMPLE) CASE 


21 


The situation is now as shown in the commutative diagram 

Bfo 


BX, 



Bno(X) ^ - B(W/W 0 ) = B(W/W 0 ) —^ Bir 0 {X') 


Our aim is to find an isomorphism /: X —» X' to fill in the based homotopy 
commutative diagram 

Bfo 

BX o- BXq 


BX .- BX' 


Btto(X) Bno(X') 

where the isomorphism between the base 2-compact groups is given by the isomor¬ 
phisms 7To(X) <— N/Nq —> ttq(X'). Since fo is 7To(X)-equi variant up to homotopy, 
map(-BX 0 , BXq)B f 0 is a 7r 0 (X)-space in the sense that there exists a fibration 

map(BX 0 , BX'q; Bf 0 ) -> map (BX 0 , BX^; Bf 0 ) hno{x) -»■ Bttq(X) 
over Bn 0 (X) with map(i?X 0 , BTq)b/ 0 , here written as ma,p(BX 0 , BXq, Bf 0 ), as 
fibre. The space of sections of this fibration, yh&y>{BXq, BX' 0 ) h g^ X \ is a space of 
fibre maps of BX to BX '. This fibration sits to the left in the commutative diagram 

map {BXq, BX'q-, Bf 0 ) -^ map(B7V 0 , BXq- B(j' 0 a)) - ---map(BiV 0 , BN 0 -, Ba 0 ) 


map(5X 0 , BXq; Bfo) hno ( X ) -*■ map(SfVo, BXq; B(j' 0 a))h{w/w 0 ) map(i?A r o, BN 0 ; Bao)h ( W / Wo ) 


Bttq(X) ^ - B(W/W 0 ) B(W/W 0 ) 

where the columns are fibrations and the horizontal maps are defined as composition 
with Bj and Bj', respectively. The fibre map from the right column to the central 
one is actually a fibre homotopy equivalence because the centralizer of the maximal 
torus in X'q and in Nq are isomorphic in that they are both isomorphic to the 
maximal torus. 

The middle fibration admits a section corresponding to the fibrewise map Bj' o 
Ba. But then the left fibration also admits a section: The obstruction to a sec¬ 
tion of the left fibration is a cohomology class in H 2 (ir 0 (X); Z(X 0 )). Since the 
middle fibration does admit a section, this obstruction class is in the kernel of the 
coefficient group homomorphism H 2 (ttq(X); Z(X 0 )) —> H 2 (W /Wq,T w °) . But the 
assumption is that this is an injection and therefore the obstruction must vanish. 

(We are here tacitly replacing the three fibrations above by their fibrewise discrete 
approximations [42, 4.3].) 

A section of the left fibration corresponds to a morphism Bf : BX —> BX' 
under the isomorphism Bf o : BXq —> BXq and over Bttq(X) ^ Bttq(X') such that 
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BfoBj and BjoBa are homotopic over B(N/Nq) —> Bir 0 (X'). But since the fibre 
BX q of BA' —> Btto(X') is simply connected this means that BfoBj and BjoBa 
are based homotopic maps BN —» BX'. □ 

2.41. Example. 1. Any 2-compact torus T is uniquely IV-determined for if 
j: T —> X is the maximal torus normalizer for the connected 2-compact group X, 
then j is an isomorphism. Indeed, H*(BT; Q 2 ) = H*(BX]Q- 2 ) [17, 9.7.(3)] and 
the connected space X/T has cohomological dimension cdF 2 (X/T) = 0 [18, 4.5, 
5.6] so is a point. 

2. Any 2-compact toral group G is totally X-determined: G clearly has IV-determined 
automorphisms as G is its own maximal torus normalizer. If the 2-compact group 
X has the same maximal torus normalizer pair (G, T) as G, then X is a 2-compact 
toral group and j': G —> X is an isomorphism. G is uniquely IV-determined if and 
only if H 1 (tt 0 (G)]T) = 0. In particular, GL(2,R) is uniquely IV-determined. 


2.42. Lemma. (Cf[ 44, 7.10]) Suppose that X is connected. If the adjoint form 
PX = X/Z(X ) is N-determined, so is X. 

Proof. Let j: N — * X be the maximal torus normalizer for X and j': N — > X' 
the maximal torus normalizer for some other connected 2-compact group X'. It 

suffices (2.15) to find a morphism /: X —> X' under the maximal tori X Z- T -!-> X'. 
The 2-discrete center Z of X and X' is contained in the the 2-discrete maximal 
torus T [18, 7.5]. Factoring out [17, 8.3] these central monomorphisms we obtain 
the commutative diagram 


BX ^ 

B(X/Z) 


Bi - Bi' 

- BT - 


BUZZ) ' , , B(i'/Z) 

B(T/Z) -—* 


su/zy 


^ BX' 

' ’ 

B{X'/Z) 


where the vertical maps are fibrations with fibre BZ, the total spaces, such as 
BX, are the fibre-wise discrete approximations, and f/Z: X/Z —> X'/Z is the iso¬ 
morphism under T/Z that exists because X/Z is iV-determined. Construct the 
hbration 

map(BZ,BZ-Bl) —> BZ h ( X /z) —> B(X/Z) 

whose sections are maps BX —> BX' over B(f /Z) and under BZ. There are two 
other such fibrations related to this one as shown in the commutative diagram 


map {BZ, BZ] BI) 

BZ h ( X /z) — 
B(X/Z) 


B(i/Z) 


map {BZ, BZ; BI) 

- BZ h ( T / Z j - 

- B(T/Z) = 


Bi * 


map (BZ, BZ] BI) 

—*■ BZ h ( T / Z ) 

= B(T/Z) 


where the middle hbration is the pull-back along B(i/Z) of the left hbration and 
the hbre over b £ B(T/Z) of the right hbration consists of one component of the 
space of maps of the hbre BT^ over b into the hbre BX' b ^, /z)(b) over B{i'/Z)(b). 
The hbre equivalence Bi* is induced by Bi: BT —> BX. The middle hbration has 
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a section u! such that Bi* o u' is the section Bi ': BT —» BX' of the right hbration. 
We now have fibre maps 


X/T 


u\X/T 


BZ 


BT 



BZ h ^ x /z) 



B(X/Z) 


where u is the composition of u' and BZ^t/z) —> BZ^x/z)- The canonical map, 
given by constants, BZ —> map (X/T, BZ) is a homotopy equivalence since X/T is 
simply connected [37, 5.6] and hence a version [44, 6 .6] of the Zabrodsky lemma 
implies that u = v o B(i/Z) for some section v: B{X/Z) —> BZ h ^ x /z) of the left 
fibration. The section v is, after fibre-wise completion, a fibre map BX —> BX' 
under BT. □ 


Let j i: Ni —> X\ and j 2 : Ni —> X 2 be maximal torus normalizers for the con¬ 
nected 2-compact groups X\ and X 2 and suppose that X' is some connected 2- 
compact group that admits a maximal torus normalizer of the form j' : TVi x N2 — » X’ 
The Splitting Theorem [19, 1.4], or more explicitly in the form of [48, 5.5], says 
that there exist 2-compact groups X[ and X 2 and an isomorphism X[ x X ' 2 —> X' 
such that 


BN\ x BN 2 


BX[ x BX' 2 - 



commutes where j\ : N\ —> X[ and j 2 : N 2 —■ > X 2 are maximal torus normalizers. 
The following lemma is an immediate consequence 


2.43. Lemma. The product of two N-determined connected 2-compact groups is 
N-determined. 


Proof. Since X±, X 2 are TV-determined there exist isomorphisms fi : Xi —> X [, 
f ‘2 '■ X 2 —> X 2 and automorphisms a\ G H 1 (Wi',Ti) C Out(TVi), at 2 € H 1 (W 2 ;T 2 ) C 
Out(TV 2 ) such that 


BNx x BN 2 

Bj1 X Bj 2 

BX 1 x BX 2 


Bot.\ X Bot2 


BN\ X BN2 


BfixBf 2 


BX[ x BX^ 


Bj' 


BX' 


commutes up to based homotopy. 


□ 


3. TV-determined connected, centerless 2-compact groups 

In this section we formulate inductive criteria that, at least in favorable cases, 
can be used to show total TV-determinacy for connected, centerless (simple) 2- 
compact groups X. The key tool is the homology decomposition [18, 8.1] 

(2.44) hocolim A ( A ')°p BC X —> BX 

of BX in terms of centralizers of elementary abelian subgroups. Since X has no 
center, the cohomological dimension of each centralizer C X (V, v) is smaller than the 
cohomological dimension of X. As part of an inductive argument we will therefore 
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assume that all centralizers are totally iV-determined and formulate criteria (2.48, 
2.51) that imply that also X is totally iV-determined. 

2.45. Definition. [18, §8] The objects of the Quillen category A(X) are conju- 
gacy classes of monomorphisms v: V —> X of nontrivial elementary abelian 2-groups 
into X; the morphisms a: (Vi,ui) —> (y 2 ,v 2 ) are injective group homomorphisms 
a: V\ —> V 2 such that v\ and v 2 a are conjugate monomorphisms V\ —> X. We shall 
write A(X)(Vi, V 2 ) for the set of morphism V\ —> V 2 and A(X)(V) for the group 
of all endomorphisms (which are all isomorphisms) of V. 

The functor 

(2.46) BCx '■ A(X) op —> Top (topological spaces) 

takes an object (V, v) of the Quillen category A (A) to its centralizer BCx(V ,, u) = 
map (BV, BX)bv The covariant functor 

(2.47) ni(BZCx) ■ Apf) —> Ab (abelian groups) 

takes (V, v) into the abelian homotopy group 7 Tj(map(BC'x(V’, v), BX),e{v)) based 
at the evaluation map e(v): BCx(V, v) —* BX. The space map (BCx(V, u), BX) is 
homotopy equivalent to BZCx(V\v) [12]). 

2.48. Lemma. [44, 4.9] Suppose that X is connected and centerless. If 

(1) Cx{L, A) has N-determined (resp. tv*(N)- determined) automorphisms for 
each rank 1 object (L, A) of A(X) and 

( 2 ) lim 1 (A(A); tt\(BZC x )) = 0 = lim 2 (A(A); ir 2 (BZC x )) 

Then X has N-determined (resp. determined) automorphisms. 

Proof. Suppose first that each line centralizer has 7r* (iV)-determined auto¬ 
morphisms. Let /: X —■> X be an automorphism under the maximal torus T —> X. 
Since any monomorphism A: L —> X, L = Z/2, factors through the maximal torus, 
the commutative diagram 


N ->■ X 



N -► X 


shows that /A = A and gives a commutative diagram 

C n {L) - ^Cx(L) 

Cam Cf(L) 

C n {L) - ^Cx(L) 

of automorphisms under T. Thus AM(C'/(L)) = Cam(/)(T) : C'jv(L) —> Cx{L). 
Now, tt^(Cn(L)) is a subgroup of 7 r*(A) (for 7 r 1 (Cjv(L)) = and tt 0 (Cn(L)) = 

W(X)(L) is [ 18 , 7.6] [ 43 , 3.2.(1)] the stabilizer subgroup at L < T for the action of 
W(X) on T) so 7t*((7am(/)(T)) = 1 and Cf(L) ~ 1 c x (l) since Cx(L) has ^(-AO- 
determined automorphisms. For any other object {V. v) of A(X) of rank > 1, 
choose a line L in V. Since the monomorphism v : V —> X canonically factors 
through Cx(L) [ 17 , 8 . 2 ] [ 47 , 3.18], the commutative diagram 
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shows that fv = v and the induced diagram 


C X (V) 


Ccx(L)(V) 


Cf(V) 


Cx{V) 


that Cf(V): Cx(V) —> Cx(V) is conjugate to the identity. The third assumption 
of the lemma assures that there are no obstructions to conjugating / to the the 
identity now that we know that the restriction of / to each of the centralizers is 
conjugate to the identity, see [44, 4.9]. 

Suppose next that each line centralizer has iV-determined automorphisms. Let 
/: X —> X be an automorphism such that the diagram 


N 



X 

f 

X 


commutes up to conjugacy. For each line L in T, the induced diagram 

C X (L ) 


C n (L) 


Cf(L) 


C X (L ) 


also commutes up to conjugacy. By assumption, this means (2.19) that the induced 
automorphisms Cf{L) of line centralizers are conjugate to the identity. As above, 
this implies that the induced map Cf(V): Cx (F) —> Cxi }0 is conjugate to the 
identity for any object (F, v) of the Quillen category for X and that / is conjugate 
to the identity. □ 


Consider next an extended 2-conrpact torus N and two connected, centerless 
2-conrpact groups X and X' both having N as their maximal torus normalizer 

(2.49) X ■* — - N —-— X' 

Our task is (2.15.1) to construct an isomorphism X —> X' under the maximal torus. 

2.50. Definition. An object {V,v) of A(X) is toral if the monomorphism 
v: V —> X factors through the maximal torus T —> X. Let A(X)-* denote the full 
subcategory of toral objects, and A(A)< 2 the full subcategory of toral objects of rank 
< 2 . 

For each toral object (V. v) of A(A)- 4 , let v N : V N be the unique preferred 
lift [45, 4.10] of v (which factors through the identity component of N) and let (F,;/) 
be the toral object of A(A') defined by v' = j o v N : F —> X' as in the commutative 
diagram 

F 


X N —->- X' 

o i' 

The functor A(A )- 4 —> A(A ')- 4 that takes the object (F, v) to the object (F, u') 
and is the identity on morphisms is an equivalence of toral Quillen categories [47, 
2 . 8 ], 
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Theorem 2.51. (Cf [ 47 , 3.8]J In the situation of (2.49), assume the following: 

(1) The centralizer Cx{V, is) of any ( V,is) G Ob(A(X)^ 2 ) has N-determined 
automorphisms. 

(2) There exists a self-homotopy equivalence a € H 1 (W;T) C Out(iV) such 
that for every object (L, A) G Ob(A(X)^*) the diagram 


c N (L, x n ) qK ' v(aW) > C n (L, X n ) 


j|CV(A w )j 

C x (L,X) 


fx 


|/|CV(A N ) 

■C X '{L, X') 


commutes for some isomorphism f\. 

(3) For any nontoral rank two object ( V,is ) of A(X) the composite monomor¬ 
phism 


v'l : V ^ > C x {L 1 is\L) ■ C X '(L,(n\LY) 


res 


X' 


and the induced isomorphism f v ,L'- Cx{V,is) —> Cx'{V,is' L ) defined by the 
commutative diagram 


C 


Ccx(L,v\L)(V, ls(L)) -5- Cc x ,(L,( v \L)')(V, f v \L ° u(L)) 


Cx(V,is) 


U.L 


c X '{vy L ) 


do not depend on the choice of line L < V. (See 2.65 for the definition of 
the canonical factorization Ts(L).) 

(4) lim 2 (A (Xy^BZCx)) = 0 = lim 3 (A(A); n 2 (BZC x )). 

Then there exists an isomorphism f: X —> X' under T (2.15). 

Proof. The idea is that the isomorphisms f\: Cx{X) —> Cx’{X') on the line 
centralizers restrict to isomorphisms f v \ C'x(is) —> Cx'(y') for all centralizers in 
the F 2 -homology decomposition (2.44) of BX. These locally defined isomorphisms 
combine to a globally defined isomorphism BX —> BX'. 

First observe that the isomorphisms f\ on the line centralizers are uniquely 
determined by the cohomology class a € H 1 (W- 1 T) (2.13.(1)). 

Let now [V, is) be a rank two object of A(A) and L a line in the plane V. If 
(V,is) is toral , define /„: Cx(V,is) —> Cx<(V,is') to be the isomorphism induced by 
fu\L : Cx(L,is\L) —> Cx'{L, (y\L)'. Since f v is an isomorphism under a\Cx{V,is N ) 
it does not depend on the choice of L in V (2.13.(1)). If (V, is) is nontoral , define is' 
to be is' L and define f v \ Cx(V,is) —> Cx r (V,is') to be By assumption 2.51.(3), 
the monomorphism is’ and the isomorphism /„,£ are independent of the choice of 
L. 

This construction respects morphisms in A(X). Consider first, for instance, 
a morphism (3: (Li,Ai) —> (L 2 ,X 2 ) between two lines in X. Then Ai = X 2 P and 
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A^ = / 3. The commutative diagram of isomorphisms 



CMAi) --^- C X .W) 


shows that Cx'{P) 1 0 fx 1 ° Cx{f3) = f\ 2 for they are both isomorphism under 
Cn(/3) -1 o a | Cn (A^) o C n (P) = a|Cjv(A^). Second, by the very definition of /„ , 
the diagram 

C x {V,v) - f -^C x >(V,v') 


C X {L, v\L) ——»- C X '(L, (y\L)') 

U\L 

commutes whenever L < V and (V, v) is (toral or nontoral) rank 2 object of A(A). 

We have now defined natural isomorphisms /„ : Cx(V, v) —> Cx> {V.v') for all 
objects (V, v) G Ob(A(A)) of rank < 2. For any other object (E, e) of A(A), choose 
a line L < E and proceed as for toral rank 2 objects. That is, define e': E —> X' to 
be the mononrorphism 

E - '—< 'x(E. e\L) - ^L+Cx'(E, (e\L)') -—— *-X' 

and define f e : Cx(E,e) — > Cx’{E,e ') to be the isomorphism 

Cc x (E,e\L)(£(L)) - G Cx ,(E,(e\L)’){fe\L °^{L)) 


Cx(E, s) ---- Cx> (E, s') 

Je 

induced by f e \ L . If L\ and L 2 are two distinct lines in E, let P = (Li,L 2 ) be the 
plane generated by them. Then the commutative diagram 


C x (L u e\L{) - Cx'iLi, (e|Li)') 



shows that neither (E,e') G Ob(A(A')) nor the isomorphism f £ depend on the 
choice of line in E. Thus we have constructed a collection of centric [ 12 ] maps 

(2.52) BC X {V, v) -> BA', (V, v) G Ob(A(A)), 
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that are homotopy invariant under A(Xj-morphisms. The vanishing (2.51.(4)) of 
the obstruction groups means [62] that these homotopy A(A)-invariant maps can 
be realized by a map 


hocolim BC X -> BA' 

such that / o res = res o /„ for all (V, v) G Ob(A(A)). In particular, / is a map 
under T and an isomorphism (2.15). □ 

2.53. Verification of condition 2.51.(2). Let A(X)- t be the toral part 
of the Quillen category and let H 1 (Wq-,T) w / w ° : A(A)-* —» Ab the functor with 
value H\W(C X {V, i/) 0 ); T )*oC x (v,v) on the object (V,v). If the 2-compact group 
C satisfies the conditions of Lemma 2.40 and Z(Cq) = T(Cq) w{ - c °' > we say that C 
satisfies the the conditions of Lemma 2.40 in the strong sense. 

2.54. Lemma. Suppose that 

• The centralizers Cx(V,v) of all (V,u) € Ob(A(A)^ 2 ) satisfy the condi¬ 
tions of Lemma 2.40 in the strong sense, 

• H 1 {W-,f)^\im°{A{X)^ 2 -H 1 {W 0 -,f) w / w °) is surjective 

Then conditions 2.51. (1) and 2.51. (2) are satisfied. 

Proof. Let (V, v) be an object of A(X)- t of rank < 2. Since (2.40) the 
centralizer Cx(V, v) is A-determined there is a solution (f(V, v), a(V, v)) to the 
isomorphism problem 

C n (V,u n )^^C n (V,v n ) 

Cx(v,v)-^c X '{vy) 

and the set of all solutions is (2.35, 2.37) a H 1 (W/Wo-,T w °)(Cx(V,v))-coset. Let 
a(V,v) G H 1 (W 0 -,f w/w °)(C x (V, v)) 

be the restriction of any solution a(V, is) G H 1 (W; T)(Cx{V, u)) to the above iso¬ 
morphism problem. Then 

(2.55) MV,u)} {v ^ eOHA{xm G lim°(A(X)|‘; H\W 0 ;f) w / w °) 

because the restriction of a solution is a solution. By assumption, there is an element 
a G H 1 {W\T) that maps to (2.55) and a satisfies 2.51.(2). □ 

In case H 1 (W;T ) = 0, the second point reduces to lim°(A(A)| 2 ; A 1 (Wo; f) w / w o ) 
0. Alternatively, \i\m\ 1 {A{X)^ t 2 \H l {W/Wo\T w °)) = 0, then the short exact se¬ 
quences (2.27) for Cx(V,v), (V,u) G Ob(A(X)< 2 )> will produce a short exact 
sequence 

0 -> lim° (A (X)f 2 ,H 1 {W/W 0 ;f w °)) -> lim° (A(A)|*, H\W] T)) 

->lim° (A(X)^l,H 1 (W 0 -,T) w/Wo ) -► 0, 

in the limit. Since H 1 (W-,T) is isomorphic to the middle term by [16, 8.1], it maps 
onto the third term. 
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2.56. Verification of condition 2.51.(3). In this subsection we assume that 
conditions 2.51.(1) and 2.51.(2) are satisfied. The following observations can some¬ 
times be useful in the verification of condition 2.51.(3). 

Let (V, is) be a nontoral rank two object of A(X) and L < V a rank one 
subgroup. The commtutative diagram 



shows that is' L , which is defined to be res o f v \ L o is(L), is equal to the composite 
is' L = f o a o v™ ■ Moreover, we see by taking the centralizer of v{L) that 


(2.58) 



C x (V,u) 


U,L 


■c x .(vy) 


commutes. 

We are looking for criteria that ensure that is' L : V —> X' is independent of the 
choice oi L <V. 


2.59. Lemma. Let ( V ., is) be a nontoral rank two object of A(X) and L < V a 
line in V. Write C 3 for the Sylow 3-subgroup of GL(V). Suppose that 

(1) C 3 CA(X)(V,u)nA(X')(V,u' L ) 

(2) f v ,L ■ Cx(V,is) —y Cx'{V,u' L ) is C^-equivariant 

Then condition 2.51. (3) is satisfied. 


Proof. Let /? be an automorphism of V. For general reasons, n^/3 = (yf3)^_ lL 
and the diagram 


C x (V,u)- 

Cx(0) 
Cx(V,v(3) 


U,L 




■c X '(vy L ) 

| C x ,(0) 

■Cx'{V,u’ L p) 


commutes. Now, if (3 G A(X)(V,u) n A(X'){V, u' L ), then v(3 = is, is' l /3 = v' L , 
and } v p t p-i L = f„,p-iL so that f Uj0 -i L = C X '(0) ° f v ,L 0 according to 

the above diagram. If also f Vt L commutes with the action of 0, we conclude that 

fv,L = fi/, 0 — 1 L‘ n 


The following lemma assures that condition 2.59.(1) holds. 

2.60. Lemma. Let L and V denote elementary abelian 2-groups of rank one and 
two, respectively. Suppose that 

(1) There is (up to conjugacy) a unique monomorphism A: L —> X with non- 
connected centralizer 

(2) There is (up to conjugacy) a unique nontoral monomorphism v.V—*X 

Then the same holds for X', and A(X)(V,is) = GL(V) = A(X')(V,is') for the 
unique nontoral rank two objects (V,is) of A(X) and ( V,is') of A(X'). 
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Proof. Let v': V —> X' be a nontoral monomorphism and i: L —> V an in¬ 
clusion. Then (L, v'%) = (L, A') for Cx’iL.v'i) is nonconnected so that u'i and A 
must correspond under the bijection A(A)-‘ —> A(X')- t between toral categories. 
Moreover, the diagram 



is commutative. To see this, observe that (V, reso f x 1 ov'(L)) is a nontoral rank two 
object of A(X) (its centralizer is isomorphic to Cq x , {L ,x ) (vy( L )) = c x ,(v,u')) 
so that (y,v) = {V, reso fjf 1 oV\L)) by uniqueness of {V,v). Also, we see from the 
commutative diagram 



fx° v '( L ) 


L 


V 


that V{L) = f^ 1 oU'(L) by uniqueness of canonical factorizations under L [ 46 , 3.9]. 
We conclude that v' = resou'(L) = reso f\ ov (L). This means (2.57) that v' = v' L 
for any choice of line L < V. Since thus v' is unique up to conjugacy, v' fj = v' for 
any automorphism (3 of Vb □ 

Note in connection with the verification of condition 2.59.(2), that if 2.59.(1) is 
satisfied so that = v' is independent of L, then (2.58) shows that f V) L is a map 
under V in the sense that 



C x (V, v) ---- C x > (V, v') 

U,L 

commutes. Since the canonical monomorphisms, v(V) and V'{V), are GL(V)- 
equivariant, the restriction of f v , j, to V is C 3 -equivariant. 

For any nontoral object (not necessarily of rank two) (V) v) of A (A) and any 
rank one subgroup L C V 1 let u) v : V — » N be a preferred lift of v such that |L 
is the preferred lift of v\L, ie v^\L = (i/\L) n . (It is always possible to extend a 
preferred lift given on the subgroup L to a preferred lift defined on all of V but a 
preferred lift defined on V may not restrict to a preferred lift on L [45, 4.9].) Also, 
define v' L : V —> X' and f v ^ : C X (V, v) — > C X '(V, v' L ) as in 2.51.(3). 

2.63. Lemma. Let v: V —» X be any nontoral object of A(X). 

(1) If the centralizer ofv has a nontrivial identity component, then v' L : V —> X' 
is independent up to conjugacy of the choice of L C V, and n' L = j'oaov^. 

(2) If also there exist a 2-compact torus T„ and isomorphisms T„ —> Cn(V, )o 

such that the composites T v —» Cn(V,Vl)c ~ i * ^ are independent up to 
conjugacy of L < V, then f v ,L'- Cx(V,v) —» C x >(V,t/) are isomorphisms 
under the maximal torus T v for all L < V. 

Proof. (1) Just as in (2.57) we see that v' L = res o f v \ L o V (L) =/o«o . 

The hypothesis implies that there exists [ 17 , 5.4, 7.3] a morphism </>: L\ x V —> X 
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extending w.V—>X whose adjoint Li —» CxW) factors through the identity com¬ 
ponent of Cx{v)- Let Li —> Cn{V,v^) be the preferred lift of L\ —> Cx{V,v) as 
in the commutative diagram 


C n (V,v£)-^N 



Li - >C x (V,v)-z+X 


This preferred lift will factor through the identity component of Cjv (u) v ) (and hence 
its composition with Cjv(^) —» N will factor through the identity component of N) 
since L i —> Cx(V, v) factors through the identity component of Cxiy) [45, 4.10]. 
Let (f>L : Li x V —> iV be the adjoint of the preferred lift L\ —> C/v(u^). Then 
(p 1 ^\Li: Li —» N factors through the identity component of N (the maximal torus) 
so it is [45, 4.10] the preferred lift of <j)\Li: L\ —> X. In particular, <j>^ \L\ = {(p\L\) N 
does not depend on the choice of L. 

The adjoints, (p™ '■ V —> Cjv(^l |Li) and (p 2 '■ V —> Cx(<p\Li), of </>% and cp, re¬ 
spectively, with respect to the second factor, give a commutative diagram 


Cx{L>i,(p\Li) ' HLl - C x -{Li, ((p\Li)') 



We conclude that v' L = j' o a o — reso f<j>\Li ° <Pi '■ V —> X' is independent of the 
choice oi L <V. 

(2) The upper square in the diagram 

T v = Tv 


C N (V,v£)-?+C N (V,av£) 


Cxiy, v) fvL > c X '(vy) 

commutes because a restricts to the identity on the identity component T oi N 
and hence also on T„. That the lower square is commutative is consequence of the 
commutative diagram 

C n (L, v%\L) C n (L, 


V C X {L , v\L) C x >(L, [y\LY) 

v(L) Ju\L 

where 77^ {L) and v{L) are the canonical factorizations (2.65). □ 

Let n : U —> X be a nontrivial elementary abelian 2-group and /.t: U —> X a 
monomorphism whose centralizer Cx(U, /i) has nontrivial identity component. Sup¬ 
pose that U contains a nontrivial subgroup V < U such that the restriction of /j 
to V is nontoral. Choose a rank one subgroup L C V C U. We may choose the 
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preferred lifts and (p|V)^ such that p^\V = (p\V)^. Since Cx{U,p) has non¬ 
trivial identity component, the conjugacy classes of the monomorphisms p! = p' L 
and {p\V)' L = p'\L are independent of the choice of L by 2.63.(1). Then there is a 
commutative diagram 


(2.64) 



Cx (V,n\V) --- *Cx>(V,im' \V) 

Jul V,L 


similar to (2.62). 


2.65. Canonical factorizations. Let v: V —>X be a monomorphism from 
an elementary abelian p-group to the p-compact group X. The canonical factoriza¬ 
tion of v through its centralizer is the central monomorphism V(V ): V —> Cx (V v) 
whose adjoint isVxV^V-^>A [17, 8.2]. If a: (Vi, v i) —> (V 2 , ^ 2 ) is a morphism 
in A(X) then the canonical factorizations are related by a commutative diagram 


( 2 . 66 ) 


t 1 -- -Cvdi.Pi) 


■X 


v 2 


^ 2 (^ 2 ) 


CxM | 

Cx(V2, V 2 ) 


X 


and we shall write u 2 (Vi): V 2 —> Cxiy\,v\) for Cx(a) o u 2 (V 2 ) and call it the 
canonical factorization of u 2 through the centralizer of u\. The induced diagram 
(2.67) 


Cc x (v 2 ,v2){V2, u 2 (V 2 )) ■ 


-'C x (c) 


■ Ccx(VMVl)) 


C O x (V 1 ,-!)(«) 


Cx(V 2 , v 2 ) 


C x (a) 


Ccx(Vi,i/i)(^l> Vl(Vi)) 


Cx(V i,V\) 


is a factorization of Cx(ct). 


4. An exact functor 

Let TV be a finite group, p a prime, and p: TV —> GL(t) a representation of TV 
in an F p -vector space t of finite dimension. For any nontrivial subgroup V C t, let 

TV(V) = {w € TV | Vi> € V: uw = v} 

be the subgroup of elements of TV that act as the identity on V. For any two 
nontrivial subgroups Vi, V 2 C t, let 

TV(Vi, V 2 ) = {w e W\wV 1 C V 2 } 

be the transporter set. (Even though suppresed in the notation, these set depend 
on the representation p.) 

Suppose that we are given also a Z p TV-module L. 

2.68. Definition. [47, 2.2] A (p,t) is the category whose objects are nontrivial 
subspaces of V and whose morphisms are group homomorphisms induced by the TV- 
action. The functor Li: A(p, t) —> Ab is the functor that takes the object V C t to 

H l (W(V); L) and the morphism w: Vj —> V 2 to H l (W(Vi);L) '■ H l (W{V\) w ]L) res > H l (TV(V 2 ); L) 
where res is restriction and w* induced from conjugation with w € TV. 
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The category A (p, t) depends only on the image of IT in GL(t) but the functor 
Li depends on the actual representation. The morphism set in A (p,t) is the set of 
orbits 

A(p,t){V 1 ,V 2 ) = W(yi,V 2 )/W{V 1 ) 

for the action of the group IT(Vi) on the set W{V \, V 2 ). We shall often write A (IT, t) 
for A (p,t) when the representation p is clear from the context and A (W,t)(V) 
will be used as an abbreviation for the endomorphism group A (W,t)(V,V) = 

W(y,v)/w(v). 


2.69. Lemma. [16, 8.1] Li is an exact functor with limit H l (W;L): 


\im j (A(W,t),Li) 


H i {W ; L) j = 0 
0 j > 0 


Proof. The proof of [16, 8.1] also applies to this slightly different setting 
where the action of IT on the F p -vector space t may not be faithful and L is a 
ZplV-module (and not an F p IT-module). 

Another possibility is to use the ideas of [30], It suffices to show that the 
category A (IT, t) satisfies (the dual of) the conditions of [30, 5.16] and that L* is 
a proto-Mackey functor. Define L* : A(IT, t) —» Ab to be the contravariant functor 
that agrees with L * on objects but takes the A(IT, £)-morphism w: E 0 —> Ei to the 
group homomorphism 


H*(W(E 0 );L)+— — H*(W(E 0 ) W ;L)-^-^ H*(W(Ei); L) 


where tr is transfer. To prove the existence of coproducts and push-outs in the 
multiplicative extension A(W, t)j] we follow [30, 6.3]. Let E 0 ,Ei,E 2 be elemen¬ 
tary abelian subgroups of t where Eq C Ei and there is a morphism Eq —> E 2 
represented by an element w € W(Eq,E 2 ) C IT. (Eq is possibly empty to allow 
for the construction of coproducts.) Each coset gW(E\) € W(Eq)/W(Ei) has an 
associated special diagram 


Epf - 5 “ Ei 


W 


wg 


E 2 c - E 2 + wgEi 


where we note that W(E 2 +wgEi) = W ( E 2 ) fl IT (Ei ) W9 . This construction deter¬ 
mines a bijection between the double coset w~ 1 W(E 2 )w\W(E 0 )/W(Ei) and the 
set of isomorphism classes of special diagrams, cf. [30, 7.3], and therefore 


Ei 


If wg 


E 2 <~ -^ n(£ 2 + wgEi) 


where the product is taken over all g € w 1 IT {E 2 )w\W(Eo) /IT (E \), is a push-out 
diagram in A(W, t)j] [30, 6.3]. By [30, 5.13], we need to show that the diagram 


H*(W(Eq); L) 

L* (i) 

H*{W{E 2 )-L) 


L* (EqGEi) 


^2 L* (E2QE2+gwE\) 


- H*(W (Ei)-,L) 

If L,(wg) 

■ J] H*(W(E 2 ) fl W{Ei) W9 \ L) 


commutes. But this is precisely the content of the Cartan-Eilenberg double coset 
formula relating the restriction and transfer homomorphisms in group cohomology 
[8] [21, 4.2.6]. 
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The restriction homomorphism H*(W ; L) —> lim°(A(W / , t);L *) is injective since 
i contains an elementary abelian subgroup E C t such that the index of W (E) in 
W is prime to p. To show surjectivity, we use the argument from the proof of [30, 
7.2], □ 



CHAPTER 3 


The T-family 


The A-family consists of the matrix groups 


PGL(n+ 1,C) 


GL(n +1, C) 
GL(1, C) 


n > 1, 


where GL(n + 1, C) is the Lie group of complex (?r + 1) x (n + 1) matrices with 
center GL(1,C) consisting of scalar matrices. The maximal torus normalizer for 
PGL(n + 1, C) is 

Af(PGL(n + 1, C)) = G g L 1 a °g ) +1 x E n+1 


where £„+i = W (PGL(n+l, C)) C PGL(n+l, C) is the Weyl group of permutation 
matrices. It is known [24, 35] that 


(3.1) 


H°(W;T) 


Z/2 n = 1 
0 n > 1 ’ 


H 1 (W ; T) 


Z/2 n = 3 
0 n/3 


for PGL(n + 1, C). For all n, PGL(?i + 1, C) = PSL(n + 1, C). When n + 1 is odd, 
PGL(n + 1, C) = PSL(n + 1, C) = SL(n + 1, C) as 2-compact groups. 


1. The structure of PGL(n + 1, C) 

In this and the following section we use the results of Chapter 2 to show that the 
2-conrpact groups PGL(n + 1, C), n > 1, are uniquely ^determined. This section 
provides the information about the Quillen category needed for the calculation 
(3.18) of the higher limit obstruction groups from 2.48 and 2.51. 

3.2. The toral subcategory of A(PGL(n + l, C)). We consider the full sub¬ 
category of A(PGL(n + 1, C)) generated by the toral nontrivial elementary abelian 
2-groups in PGL(n + 1, C), A(PGL(n + 1, C))-* (2.50) . 

3.3. Lemma. The monomorphism v.V-+ PGL(n + 1, C) is toral if and only if 
it lifts to a morphism V —> GL(n +1, C). Ifn + 1 is odd, all objects o/A(PGL(n + 
1, C)) are toral. 

Proof. Any monomorphism V —> GL(n+l, C) —> PGL(n+l, C) is toral since 
it is toral already in GL(n+l, C) by complex representation theory. Conversely, any 
toral monomorphism V —> GL(1, C) n+1 /GL(1, C) c PGL(n+l, C) lifts to GL(1, C) 
since GL(1, C) is divisible. When n + 1 is odd, PGL(n + 1, C) = SL(n + 1, C) C 
GL(n + 1, C) as 2-compact groups so all monomorphisms V PGL(n + 1 , C) are 
toral. □ 

Let 

e* = diag(+l,..., +1, 1, +1,..., Tl) GL(n -t-1, C), 1 ^ i ^ n -t-1, 

be the diagonal matrix with —1 in position i and +1 at all other positions. The 
maximal toral elementary abelian 2-groups 

A n+1 = < ei ,.. •, e n+1 ) = (diag(±l,..., ±1)) “ (Z/2) n+1 c GL(n + 1, C), 

p ^n+1 = ( e l 5 • • • 7 e n+l) / ( e l ' ' • e n+ 1 ) — (Z/2) n C PGL(n + 1, C), 
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have Quillen automorphism groups E n+1 = A(GL(n+ 1, C))(A n+1 ) = A(PGL(n + 
l,C))(PA n+1 ). 

3.4. Lemma. The inclusion functors 

A(E n+1 , A n+1 ) - A(GL(n +1, C)), A(E n+1 , PA n+1 ) - A(PGL(n+1, C))^ 

are equivalence of categories. 

Proof. This is a general fact; the first part of [47, 2.8] also holds for the case 
p = 2. However, it may be more illustrative to prove the lemma directly in this 
special case. 

By complex represention theory, any nontrivial elementary abelian 2-group in 
GL(n + 1, C) is conjugate to a subgroup of A n+ i and A(GL(n + 1, C))(A n+ i) = 
E n+ i. Thus there is a faithful inclusion functor A(E n+ i, A n+ i) —> A(GL(n+l, C)) 
which is surjective on the sets of isomorphism classes of objects. It remains to show 
that this functor is full. Since any morphism in the category A(GL(?i + 1, C)) is 
an isomorphism followed by an inclusion, it is enough to show that any conjugation 
induced isomorphism Vj —» V 2 between nontrivial subgroups V\. V 2 C A n+ i is 
actually induced from conjugation by an element of A(GL(n + 1, C)). But this is 
well-known fact from Lie group theory easily derived from eg [7, IV.2.5]. 

Any toral nontrivial elementary abelian 2-group in PGL(n + 1, C) is the image 
of a elementary abelian 2-group in GL(n + 1, C) and hence conjugate to subgroup 
of P A n+ i. Since any A(PGL(n + 1, C))-morphism between subgroups of PA„ + i 
are induced from conjugation with an element of A(PGL(n+ 1, C)), it follows that 
A(E n+ i, PA n+ i) —> A(PGL(n + 1, C))-* is an equivalence of categories. □ 


For any partition n + 1 = io + ii + ■ ■ ■ + i r of n + 1 into a sum of r positive 
integers, let (±l) l0 (±l) n • • • (±l)* r denote the diagonal matrix 


diag(±l,... ± 1. ±1,... ± 1,..., ±1,... ± 1) 

in GL(?r + 1, C). 

For any partition (io, ii) of n + 1 = io + i\ into a sum of two positive integers 
i 0 > ii > 1, let L[i 0 , ii] C PGL(n + 1, C) be the image in PGL(n + 1, C) of the 
elementary abelian 2-group 

i[io,ii]* = ((+l) <0 (-l) <1 ,(-l) n+1 > 
in GL(?r + 1, C). The centralizer of L[io, ii] is 

{ GL(i 0 ,C) 2 ^ 

GL(1 C) ^ ^2 *0 — *1 

GL(i 0 ,C) X GL(u ,C) ■ ^ • 

-GL(1,C)- *0 > 


(3.5) 

where the action of 


C 2 = 


0 E 
E 0 


interchanges the two GL(io, C)-factors. The center of the centralizer of L[io,ii] is 
(3.6) 


„„ tv ■ 1 _ J ^ovh] io - *1 

z G PGL ( ra _ | _ li c)Epo, ZlJ — \ GL(1,C) xGL(l,C) 


GL(1,C) 


*0 > *1 


For any partition (io, ii, i 2 ) of n + 1 = io + ii + i 2 into a sum of three positive 
integers i 0 > ii > i 2 > 1 let P[io, * 1 , * 2 ] C PGL(n + 1, C) be the image in PGL(n + 
1, C) of the elementary abelian 2-group 

P[*o,*i,*2]* = <(+l) io (-l) il (+l) i2 ,(+ir(+ir(-l) i2 ,(-l)” +1 ) 
in GL(?i + 1, C). The centralizer of P[io, ii, i 2 ] is 

GL(i 0 ,C) x GL(ii,C) x GL(i 2 , C) 


(3.7) C'pGL(ra+l,C)P[*OVli * 2 ] = 


GL(1, C) 
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so that the center of the centralizer is 


(3.8) 


■Z’CpGL(n+l,C)J p [*Oj ii, i 2 ] 


GL(1, C) x GL(1, C) x GL(1, C) 
GL(1,C) 


connected. 

For any partition (io, ii, i 2 , * 3 ) of n + 1 into a sum n + 1 = io + i\ + i 2 + *3 of 
n + 1 into a sum of four positive integers io > *1 > *2 > *3 > 1 let P[io, ii,i 2 , * 3 ] C 
PGL(n + 1, C) be the image in PGL(n + 1, C) of the elementary abelian 2-group 


P[io,i 1 ,i 2 ,i 3 ]* = ((+l) <0 (-l) il (+ir(-l) i3 ,(+l) io (+l) il (-l) i2 (-l) i3 ,(-l)" +1 ) 


The centralizer of P[io, * 1 , * 2 , * 3 ] is 
(3.9) 


CpGL(n+l,C)P[iOj *1, *2, * 3 ] = 


^ x C2 ) 

GL(i 0 ,C) 2 xGL(i 2 ,C) 2 r, 

GL(1,C) * ° 2 

GL(j 0 ,C)xGL(u,C)xGL(i 2 ,C)xGL(j 3 ,C) 
GL(1,C) 


*0 = il = i2 — *3 
io = ii > «2 = h 
otherwise 


where 

(0 

E 

0 

°\ 


(0 

0 

E 

°\ 

C 2 xC 2 = / 

E 

0 

0 

0 


0 

0 

0 

E 

0 

0 

0 

E 

5 

E 

0 

0 

0 

\ 


0 

E 

V 



E 

0 

0 / 


/o 

E 

0 

0\ 


E 

0 

0 

0 

\ 

0 

0 

0 

E 

/ 

\o 

0 

E 

V 



The center of the centralizer of P[io, ii, i 2 , is] is 


(3.10) ^C PG L(n+i,c)P[io, iii h, is] — 


P[i 0 ,ii,i 2 ,i3] 

GL(1 g C l( X i G c L ) (1 ’ C) x ((+l) i0 (-l) il (+l) i2 (-l) i3 > 

GL(1,C) xGL(l.C) xGL(l,C) xGL(l.C) 

GL(1,C) 


io = ii = i 2 = h 
io = ii > *2 = i3 
otherwise 


We collect the information about the toral subcategory that we shall need later 
on in the folllowing proposition. Let P(m, k) denote the number of partitions of m 
into sums of k natural integers. 


3.9. Proposition. The category A(PGL(n + 1, C)) contains precisely 

• P(n + 1,2) isomorphism classes of toral rank one objects represented by 
the lines P[io,ii]. 

• P(n + 1,3) + P(n + 1,4) isomorphism classes of toral rank two objects 
represented by the planes P[io>ii>i2] and P[io, ii,i2, is]. 

The centralizers of these objects are listed in (3.5), (3.7), and (3.9,). 


The automorphism groups are easily computed using complex representation 
theory because 

A(GL(n + 1, C))(P[i 0 ,ii,i 2 ,i 3 ]*) -» A(PGL(n + 1, C))(P[i 0 , ii, i 2 , i 3 ]) 
is surjective (as in 3.16). One finds that 

TgL( 2,F 2 ) ^(io,ii,i 2 ,is) > 3 

A(PGL(n + 1, C))P[io, ii, i 2 , i 3 ] = |c 2 ^(io, ii, i 2 , is) = 2 

[{1} £(io, ii, i 2 , i 3 ) = 1 

where £(io, ii, i 2 , is) = maxi <,,'<4 ff{k \ ik = ij} is the maximal number of repeti¬ 
tions in the sequence (io, ii, i 2 , is). This formula also holds for the objects P[io, ii, i 2 ] 
when interpreted as P[io, ii, i 2 , 0]. 
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2. Centralizers of objects of A(PGL(n + 1,C))^2 are LHS 

In this section we check that all toral objects of rank < 2 have LHS (2.§2.26) 
centralizers. 

3.10. Lemma. The centralizers of the objects of A(PGL(?r + 1, C))^, 

(!) ^ 

(2) W® * (C'a x C 2 ) (3.9), 

(3) „ C2 (3 Q) 
are LHS. 

Proof. (1) Let X = g^i^) * ^ 2 , * — where the C 2 -action switches the 
two GL(i, C)-factors. For i = 1, X is a 2-conrpact toral group, hence LHS. For 
i = 2 explicit computer computation yields 


GL(i,CT s „ r, 
GL(1,C) X ( ~ 2 

f w °) 

H^W^T) 

H\w 0 -,fy 

H\W 0 -,T) 

i = 2 

0 

Z/2 

Z/2 

Z/2 


so X is manifestly LHS in this case (even though Xo is not regular). For i > 2, 
9(X o) is bijective and thus X is LHS by 2.28. (0(Xq) is injective by 2.21.(1) and 
surjective by 2.21.(2) for i y 4 and for i = 4 by inspection or by 2.23 and 2.24 for 
all i > 2.) 

(2) Let X = xi (C 2 x C 2 ), i > 1, where C 2 x C 2 = <(12)(34), (13)(24)> 

permutes the four GL(*, C)-factors. For * = 1, X is a 2-conrpact toral group, hence 
LHS. For i — 2 explicit computer computation yields 


SSf * X 

H rl (7r; T w °) 

H\W;f) 

Hyw 0 -,fy 

H l (W 0 -T) 

i = 2 

Z/2 

(Z/2) 3 

(Z/2) 2 

(Z/2) 8 


so X is manifestly LHS in this case. (Alternatively, observe that Xo is regular (2.24, 
2.23), the kernel of 0(X O ) is (Z/2) 4 , and 0(X o y is surjective because H 1 (C 2 x 
C 2 ;(Z/2) 4 ) = 0 for the regular representation.) For i > 2, we see as in 3.10.(1) 
above that 0(Xo) is bijective and hence X is LHS by 2.28. 

(3) Let X = ( GL Oo,c)xGL(i 2 ,c)) x C 2 , 1 < i 0 < i 2 , where C 2 switches the two 

identical factors. Using 2.23 and 2.24 we see (details omitted) that X 0 is regular. 
By 2.21.(1), 9(X 0 ) is in fact bijective except when i Q or i 2 is 2. In those cases, the 
kernel of 0(X o ) is (Z/2) 2 and 9(X 0 ) C2 is surjective as H 1 (C 2 ; (Z/2) 2 ) = 0 for the 
regular representation. Therefore X is LHS by 2.28. □ 


3. Limits over the Quillen category of PGL(n + 1, C) 

In this section we show that the problem of computing the higher limits of 
the functors 7Tj(.B.Z'C'pGL(n+i,c)), * = 1,2, (2.47) is concentrated on the nontoral 
objects of the Quillen category. 

3.11. Lemma. [47, 2.8] Let V C P A ra +i be a nontrivial subgroup representing 
an object o/A(S n+ i,PA n+ i) = A(PGL(n + 1, C))- 4 (3A). Then 

ZC PGh{n+hC) (V) = f^W 

where T = T(PGL(n, C)) is the discrete approximation [18, §3] to the maximal 
torus o/PGL(n + 1, C) and E„ + \(V) is the point-wise stabilizer subgroup (2.68). 
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Proof. Let v *: V — » T(GL(n + 1, C)) be a lift to GL(n + l, C) of the inclusion 
homomorphism of V into T(PGL(?r + 1, C)). Then 

C GHn+ i,o(v*V) = n GL(v,C), E n+1 (u*U) = H E ip 

p gv v pev v 

where i: V v —* Z records the multiplicity of each linear character p £ U v in the 
representation v*. Using [47, 5.11] and 9.20 we get that 


Ci 


PGL(n+l,C 


( V ) = CGH :t)' c) ^* v) x k v 


E„ +1 (U) = E„ +1 (u*U) x V2 


GL(1, C) 

where V . t [X = {( £ U v = Hom(U, GL(1, C)) | Vp G U v : *^ p = i p }. The semi- 
direct products are obtained because the elements of V v i can be effectuated by 
permutations from E„ + i that fix V C PGL(n + 1, C) point-wise. The discrete 
approximation [18, §3] to the center of the centralizer is therefore 


■^CpGL( ra+ i iC )(U) — Z 


- m GL(i p ,C) 


V GL(1,C) 


m^GL(i p ,C) 
1 GL(1,C) 


x VI 


V,;. 


(9T4) - / nGL(i p ,C) 

l GL(1, C) 
/T(GL(n + 1, C)) s " +1 C* y ) 


GL(1, C) 


v„. 


= ^T(PGL(n + 1, C)) Sn+1 C* y )^ , '* = T(PGL(n + l,C)) E "+ l(y ) 

where the penultimate equlity sign is justified by the fact that H 1 (E ra+ i(V* V);GL(1,C)) 
H 1 (T, n+ i(u*V)-, T(GL(n + 1, C))) is injective. □ 

Define 7r.j(BZCpGL(n+i,c))^t to be the subfunctor of 7Tj(BZCpGL(n-t-i, c)) (2.47) 
that vanishes on all toral objects and is unchanged on all nontoral objects of the 
Quillen category. This means that 
(3.12) 

-r.iv.7r \ rv J° ( V > y ) is toral 

[7r 2 ;(BZGpGL(n+i,c))(G, v) (V, v) is nontoral 

for all objects (V, v) of A(PGL(n+l, C)). The reason for introducing this subfunctor 
is that in the computation of the higher limits, we can ignore the toral objects. 


3.13. Corollary. When n > 1, 


lini*(A(PGL(n+l, C)); ■n i {BZC)^ t ) “ lim*(A(PGL(n+l, C)); m(BZC)), i = 1,2, 
where 7r i(BZC) = 7rj(BZC PG L(n+i,c)) ("2.47). 


Proof. The result of Lemma 3.11 is (2.31) equivalent to 

7 T t (BZC)(V) = iJ 2_i (E n+1 (U); L), V C PA n+1 , 
where L is the Z 2 E„ + i-module 7T2-BT(PGL(?r + 1,C)) and therefore (2.69) 

^iJ 2_i (E n+1 , L) j = 0 


linft (A(PGL(n + 1, C)p\ 7 q(B ZC)) = 


0 


3 > 0 


where the cohomology groups H 2 *(E n+ i; L), i = 1,2, are trivial for n > 1 (3.1). 
Since the quotient functor 7r,:(BZC)/7r,(BZC)^t vanishes on all nontoral objects 


[47, 13.12] 

linft (A(PGL(n+l, C)), 7r i (BZC')/7r J ;(BZC , ) 2 a) “ linft (A(PGL(n+l, C))^,7r 2 (B ZC)) 

We conclude that lim*(A(PGL(n + 1, C)), Tri(BZC)/ni(BZC)^.t) = 0. The long 
exact coefficient functor sequence for higher limits now shows that lim*(A(PGL(n + 
l,C)),TTi(BZC)^ t ) and lim*(A(PGL(n + 1, C)), 7r,;(BZC')) are isomorphic. □ 
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4. The category A(PGL(n + 1,C))I ’ 1^° 

For any nontrivial elementary abelian 2-group V in PGL(n+l, C), let [ , ]: V x V 
be the symplectic bilinear form [28, II.9.1] given by [wC x , vC x ] = r if [u, v] = {—E) r 
where u,v £ GL(n + 1, C) are such that u C x , vC x £ V. (The elements [u,u] and 
u 2 lie in the center C x of GL(n + 1, C) so that E = [u 2 ,v] = [u, v]“[ti, u] = [it, v ] 2 
and thus [«, v] € C x has order 2. Therefore [it,v] = [it, n] _1 = [n, it].) 

3.14. Lemma. V in PGL(n + 1, C) is toral 4=> [V, V] = 0 

Proof. Let ejC x , 1 < i < d, be a basis for V. Since C x is divisible, we can 
assume that each e* € GL(n + 1, C) has order 2. If [V, V] = 0, these e^s commute 
and span a lift to GL(n + 1, C) of V C PGL(n + 1, C). □ 

An extra special 2-group is of positive type if it is isomorphic to a central product 
of dihedral groups D$ of order 8 [56, p 145-146]. 

3.15. Lemma. [23, 3.1] [47, 5.4] Letv : V —» PGL(n, C) be a nontoral monomor¬ 
phism of a nontrivial elementary abelian 2-group V into PGL(n + l, C). Then there 
exists a morphism of short exact sequences of groups 

1 -- Z{P) -- PE -- V -- 1 

1 -^ c x -GL(n + 1, C)-^ PGL(n + 1, C)-^ 1 

where PE is the direct product of an extra special 2-group P C GL(n + 1,C) of 
positive type and an elementary abelian 2-group E C GL(n + 1, C) with P fl E = 

{1 } = [P,E\. 

Let G = (P,E,i) = P o C 4 x E be the group generated by E and the cen¬ 
tral product P o C 4 of P and the cyclic group C 4 = (i) C C x with C 2 = (— E) 
amalgamated. The image of G in PGL(n + 1, C) is V. 

Let A(GL(n, C))(G) be the subgroup, isomorphic to AGL(n+i,c)(G)/G-C , GL(n+i,c 
of Out(G) consisting of all outer automorphisms of G induced from conjugation in 
GL(n + 1, C) [47, 5.8]. In other words, A(GL(n, C))(G) = Out tr (G) is the group 
of trace preserving outer automorphisms of G. 

3.16. Lemma. A(GL(n+ 1,C))(G) —> A(PGL(n+ 1,C))(V) is surjective. 

Proof. Suppose that B £ GL(n + 1, C) is such that V BCX = V. Then G B C 
G • C x : For any g £ G there exist h £ G and z £ C x such that g B = hz. But since 
G has exponent 4, z 4 = 1 so z £ C 4 and g B £ G. □ 

A monomorphic conjugacy class v : V —> PGL(n + 1, C) is said to be a (2 d+r, r) 
object of A(PGL(n + 1, C)) if the underlying symplectic vector space of (V, v) is 
isomorphic to V = H d x V B where H denotes the symplectic plane over F 2 and 
dimF 2 V 1 - = r [28, II.9.6] (so that diniF 2 V = 2d + r). An (r, r) object is the same 
thing as an r-dimensional toral object. We write Sp(V) or Sp(2d+r, r) (abbreviated 
to Sp(2d) if r = 0) for the group of linear automorphisms of V that preserve the 
symplectic form. 

3.17. Corollary. Suppose that n + 1 = 2 d m for some natural numbers d> 1 
and m > 1 . 

(1) There is up to isomorphism a unique {2d, 0) object H d of A(PGL(n + 

1, C)), and 

A(PGL(n + 1, C)){H d ) = Sp (2 d), G PGL(n+ 1 ,c)(^ d ) = H d x PGL(m, C) 
for this object. 
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(2) Isomorphism classes of (2d + r, r), r > 0, objects V of A(PGL(2 d m, C)) 

correspond bijectively to isomorphism classes of(r, r) objects V x o/A(PGL(m, C)), 
and 

A|PGL(2VC))(F)= A(pGL(m ° c))(vi) ) 

CpGL(2 d m,C)(y) = V/V 1 - X C'pGL(m,C)(^ _L ) 

for these objects. 


Proof. 1. The group 2^_ + 2 d o4 has [29, 7.5] 2 1+2d characters of degree 1 and 2 
irreducible characters of degree 2 d (interchanged by the action of Out(2V +2d o4) = 
Sp(2d) x Aut(C , 4 ) [ 22 , pp. 403-404]) given by 


Xx{g) 


0 g C 4 


where A: C 4 —> C x is an injective group homomorphism (A(i) = ±i). The linear 
characters vanish on the derived group 2 = [2 1 ff r2d o 4, 2 1 ff 2d o 4] but the irreducible 
characters of degree 2 d do not. Thus the only faithful representations of 2] +2d o 
4 with central centers are multiples m\\ of x\ f° r a fixed A. Phrased slightly 
differently, GL(m2 d , C) contains up to conjugacy a unique subgroup with central 
center isomorphic to 2i +2d o 4. For this group and its image H d in PGL(2 d m, C) 
we have 


A(GL(m2 d , C))(2 1 + 2d o 4,2^ +2d o 4) “ Sp(2d) S A(PGL(m2 d , C))(H d , H d ) 

C , GL(m2 d ,C)(2+ +2d ° 4) = GL(to, C), C'pGL( m2 <i,c)(^ d ) — H d x PGL(m, C) 

where the last isomorphism is a consequence of [47, 5.9]. 

2. The (2 d + r,r) object (V,u) of A(PGL(2 d ro, C)) and the (r, 0) object ( V ± ,n ± ) 
of A(PGL(m, C)) correspond to each other iff there is an m-dimensional represen¬ 
tation /i: V ± —> GL(m, C) such that C 2 <g> fj is a lift of v\V^ and p a lift of v L . 
According to 3.15 any lift of z/|V J “ has this form for some p uniquely determined 
up to the action of (V r± ) v . 

We use 3.16 to calculate the Quillen automorphism group of a (2 d + r, r) object 
H d x V 1 - of A(PGL( 2 d ra, C)). Let H d x V 1 - be covered by the group P o C4 x V ± 
as in 3.15. Let a be an automorphism of P o C4, let /3 be any homomorphism 
of the form P o C4 —> H d —> V - 1 , and let 7 be any Quillen automorphism of 
(V 2 -^^). Choose a homomorphism £1: P o C 4 —> H d x C 4 /C 2 —»■ C4 such that 
A(Ci(a;)a(x)) = \(x) for all x G G4 and a homomorphism ( 2 - V- 1 —> C4 such that 
^'(C 2 (v))p('y(v)) = p(v) for all v G V 2 -. Then the automorphism of P 0 C 4 that takes 
(x,v) to (tji(x)( 2 (v)a(x), /3(x) +7(7;)) preserves the trace of xa#M and therefore 
the automorphism induced on the quotient is a Quillen automorphism of H d x 
V 2 -. Conversely, any automorphism of P o C4 x V 2 - takes the center C4 x V 2 - 
isomorphically to itself and hence it is of the form (x, v ) —> (((x, v)a(x), /3(x)+j(v)) 
for some automorphism a of P0C4, some homomorphism ( 3 : P0C4-) V ■ L vanishing 
on C4, and some homomorphism (: P o C 4 x V ± —> C4. Such an automorphism 
preserves the trace of x\ffp iff X(((x, v)a(x)) = p(j(v)) for all (x, v) G Z(P 0C4X 
V^) = C4 x V J *. But this means that the induced automorphism of H d x V 2 - is of 
the stated form. □ 


We conclude that the nontoral objects of A(PGL(2m, C)) of rank < 4 are 

• One (2,0) object H, A(PGL(2m, C))(V) = Sp(2), 

• P(m, 2) (3,1) objects V, A(PGL(2m, C))(V) = Sp(3,1), 

. P(m, 3)+P(m, 4) (4,2) objects E, A(PGL(2m, C))(E) = ( Sp J 2) A( p GL( „° C ))(P- L ) 
where A(PGL(m, C (((E- 2 ) = 1, C 2 , or GL(P J -), 
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• One (4,0) object H 2 if m is even, A(PGL(m, C )){H 2 ) = Sp(4). 

This information will be needed in the next section as input for Oliver’s cochain 
complex [53] for computing higher limits of the functors 7^i(BZCpGL(n+i ,c ))^r 

5. Higher limits of the functor 7 t* SZCpGL(n+i,c) on A(PGL(n + 1, C))[ ’ 

We compute the higher limits from 2.48.(2) and 2.51.(4) by means of 3.13 and 
Oliver’s cochain complex [53], 

3.18. Lemma. The low degree higher limits of the functors 7r,i?i?Cp G L( n +i,c)> 

* = 1,2, are: 

(1) lim J ‘(A(PGL(n+ l,C)),7r 1 BZC' PGL(n+1>C ))=0/or j = 1,2, 

(2) lim J (A(PGL(n + l,C)),T 2 BZC PGL(rl+1 ,c)) = 0 for j = 2,3, 
for all n > 1. 

For any elementary abelian 2-group E in PGL(n + 1, C) we shall write 

[E] = Hom A ( PGL („ +1 C ))( S )(St(.E), 7ri(-B.ZCp G L(„ + i ] c)(-E'))) 

for the F 2 -vector space of F 2 A(PGL(n + 1, C))(£')-module homomorphisms from 
the Steinberg representation St (E) over F 2 of GL(i?) to TTi(BZCpGh(n+i,c){E). 

Oliver’s cochain complex for computing the first limits of the functor iri(BZCpGL(n+i,c))& 
has the form 

(3 - 19) , 2 _ 

0 [] [H#L[m-i,%[]-£+[H#P[l,l,m-2]x [] [H#P[l,i-l,m-i}\ 

l<i<[ra/2] 2<i<[m/2] 

where we only list some of the nontoral rank four objects. Here, 

[H] = Hom Sp(2) (St(ff),ff)^F 2 

[H#L[m-i,i]] = Hom Sp(3jl) (St(P), V) = F 2 , V = H#L[m - i, *]| 

[H#P[ 1,1, m - 2]] = Horn / gp(2) Q x (St(E 2 ), E 2 /E^) F 2 , E 2 = H#P[ 1,1, m - 2], 

{ * G 2 J 

[H#P[ 1, i - 1, m - *]] = Horn/ gp(2) (St(^), Ei) = F 2 x F 2 , E t = H#P[ 1, i - 1, m - i] 

{ * ij 

where 2 < * < [to/ 2] in the last line. The dimensions of these spaces were found 
using the computer algebra program magma. It suffices to show that the first 
differential d 1 is injective and that the second differential d 2 has rank [to/2] — 1. 

Let H = F 2 ei+F 2 e 2 be a 2-dimensional vector space over F 2 with basis (ei, e 2 } 
and symplectic inner product matrix 

0 1 
1 0 

Let F 2 [1] be the 3-dimensional F 2 -vector space on all length zero flags [L\ of nontriv¬ 
ial proper subspaces L C H. The Steinberg module St(IL) for H is the 2-dimensional 
F 2 GL(H)-module that is the kernel for the augmentation d: F 2 [1] —> F 2 given by 
d[L\ = 1 for all L. Let /: St (H) —> H be the restriction to St (if) of the F 2 GL(iL)- 
module homomorphism /: F 2 [1] —> H given by f[L\ = L. 

Let V = F 2 ei + F 2 e 2 + F 2 e 3 be a 3-dimensional vector space over F 2 with basis 
{ei,e 2 ,e 3 } and (degenerate) symplectic inner product matrix 
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Let F 2 [1] be the 21-dimensional F 2 -vector space on all length one flags [P > L\ 
and F 2 [0] the 14-dimensional F 2 -vector space on all length zero flags, [P] or [L], 
of non-trivial and proper subspaces of V. The Steinberg module St(V) over F 2 
for V is the 2 3 = 8-dimensional kernel of the linear map d: F 2 [1] —> F 2 [0] given by 
d[P > L] = [P] + [L\. Define df: St(V") —+ V to be the restriction to St(F) of the 
linear map df : F 2 [1] —» V given by 


(3.20) 


df[P > L] 


l PnP- L = {o} 
0 otherwise 


on the basis vectors. 

Let E = F 2 ei + F 2 e 2 + F 2 e 3 + F 2 e 4 be a 4-dimensional vector space over F 2 
with basis {ei, e 2 , e 3 , e^} and (degenerate) symplectic inner product matrix 

/0 1 0 0 \ 

10 0 0 
0 0 0 0 
\0 0 0 0 / 


Let F 2 [2] be the 315-dimensional F 2 -vector space on all length two flags [V > P > L] 
and F 2 [l] the also 315-dimensional F 2 -vector space on all length one flags, [P > L] 
or [V > L] or [V > P], of non-trivial, proper subspaces of E. The Steinberg 
module St (E) over F 2 for E is the 2 6 = 64-dimensional kernel of the linear map 
d: F 2 [2] -> F_ 2 [l] given by d[V > P > L] = [P > L] + [V > L] + [V > P], 
Define Pi = Pi| St(P): St (E) —> E as the restriction to St(P) of the linear map 
Pi: F 2 [2] —> E with values 


(3.21) 


Fi[V > P > L] 


l PnP x = o,ynk i =F 2 e 3 
0 otherwise 


on the basis elements. Define P 2 = P 2 I St(P): St (E) —+ E similarly but replace the 
condition V D V 1 - = F 2 e 3 by V D V ± = F 2 e 4 - The linear maps Pi and P 2 are 

^ -equivariant because this group preserves the symplectic inner product 

on E and preserves V 1 - = F 2 (ez,ef) pointwise. 



3.22. Lemma. Let f and Pl,P 2 be the linear maps defined above. 

(1) The vector f is a basis for [if]. 

(2) The vector df is a basis for [Hfi=L[m — «,«]], 1 < i < [m/2]. 

(3) The vector P 2 is a basis for [HffP{ 1,1, m — 2]]. 

(4) The set {Pi,P 2 } is a basis for [HffP[l,i — 1 ,m — ?’]], 2 < i < [m/2]. 

The sum F\ +P 2 is the linear map defined as in ( 3.21/ but with condition 

V fl V 1 - = F 2 e 3 replaced by V Pi V 1 - = F 2 (e 3 + efi). 


Proof. This can be directly verified by machine computation. 


□ 


Proof OF Lemma 3.18. Since we already know that these higher limits vanish 
when n + 1 is odd (3.3, 3.13) we can assume that n + 1 = 2 m is even. 

(1) See 8.2 for the case m = 1 and assume now that m > 2. The image in [HffL[m — 
i, i]] of / G [if] is 


df L[m—i,i\ [P P -b] 


L P = if 
0 otherwise 


which equals df (3.20). For 1 < i < [m/2], let 


ddf L [ m - iA \y > P > L\ 


L V = H#L[m-i,i\, P = H 
0 otherwise 
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The object H#P[1, 1, to— 2] receives morphisms from H#L[m—l, 1] and (when to > 
2) H#L[m — 2, 2]. Using a computer program one easily checks that dd/c[ TO -yi] = 
P 2 = ddf L [ m _ 2 : 2 ] in [P#P[1,1, to — 2]]. The object P#P[1, * — 1, to — i] receives 
morphisms from H#L[m — 1,1], H#L[m — i + 1, i — 1], and H#L[m — i, i\. Using 
a computer program one easily checks that ddfa m _ i+ i j2 :_i] = Pi, ddfx J [ m _ i i i = Pi, 
and dd/^[ m _i !] = Pi +P 2 in [P^P[1, z— 1, to — i]. For to = 2 or to = 3, the cochain 
complexes (3.19) take the form 

0->[P] [H#L[ 1,1]] -^>0 

0 ^[ H ] *+ [h#L[ 2,1]] [P#P[ 1,1,1]] 

where d 1 is an isomorphism. For m > 4, and with our choice of basis (3.22), the 
matrix for the differential d 1 is the injective (1 x [m/2])-matrix 

(1 1 ... 1) 

and the matrix for d 2 (or rather, the components of d 2 shown in 3.19) is the ([to/2] x 
(2[to/ 2] — 3))-matrix 



[P#P[1,1,8]] 

[P#P[1,2,7]] 

[P#P[1,3,6]] 

[P#P[1,4,5]] 

[H#L[ 9,1]] 

(!) 

G 11 

(1 1) 

(1 1) 

[H#L[ 8,2]] 

(1) 

(l 0) 



[H#L[ 7,3]] 


(0 l) 

(1 0) 


[H# P[6,4]] 



(0 1) 

(1 0) 

[P#P[5,5]] 




(0 1) 

(shown here for 

to = 10) of rank 

[to/2] — 1. 




(2) Oliver’s cochain complex for computing these higher limits over A(PGL(2 to, C)) 
involve the Z 2 -modules (3.17.(2)) 

H ° m /Sp(2) 0 \ (St(P),7r 2 (P2'C'pGL(2m,c)(P _L ))), dim F2 P = 3, 

{ * A(PGL(to, C))(P J -) J 

that are submodules of finite products of Z 2 -modules of the form 
H ° m /Sp(2) d im F 2 P = 3,4, 

[ * ij 


where the action on Z 2 is trivial. According to the computer program magma , these 
latter modules are trivial. □ 



CHAPTER 4 


The .D-family 


Let GL(2n, R), n > 1, be the matrix group of 2 n x 2 n real matrices and 
SL(2?r, R) the closed subgroup of matrices with determinant 1. The D-family is the 
infinite family of matrix groups 

PSL(2n,R)= SL ^ R) , n > 4, 

with trivial center. These groups also exist for n = 1, 2, 3; however, PSL(2, R) = {1} 
is the trivial group, and PSL(4,R) = PGL(2,C) 2 , PSL(6,R) = PGL(4, C) are 
already known to be uniquely A-determined (1.2). 

The maximal torus, the maximal torus normalizer of GL(2?r, R), SL(2n,R), 
and PSL(2?r, R) are 


(4.1) 

T(GL(2?r, R)) = SL(2,R) n , 
T(SL(2n,R)) = SL(2,R) n , 


SL(2, R) 

T(PSL(2n,R)) = - 


A(GL(2ra,R)) : 
A(SL(2ra,R)) = 

A(PSL(2?r, R)) 


GL(2, R) l E ra 
SL(2n,R)n A(GL(2n,R)) 
A(SL(2n,R)) 

= J—E) 


In all three cases, the maximal torus normalizer is the senri-direct product for the 
action of the Weyl group 


W (GL(2n, R)) = E 2 1 E„, S 2 = IT(GL(2, R)) = ( ^ >, 

W(SL(2n, R)) = A 2n n (S 2 l E„) = IT(PSL(2n, R)) 


on the maximal torus. It is known that for > 3 [5, 24, 34, 35] 

(4.3) 

fZ/2 n = 3 

D°(IT;T)(PSL(2n,R)) = 0, H\W-, T)(PSL(2n, R)) = ( Z/2 x Z/2 n = 4 

I 0 n > 4 


for these projective groups. (The group of outer Lie automorphisms of the Lie group 
PSL(8, R), isomorphic to E 3 , is faithfully represented in H 1 (W- 1 T)(PSL(8, R)).) 
The Lie groups 

GL(2n, R) = SL(2n, R) xi (D), PGL(2n, R) = PSL(2n, R) x (D (-E)) 

are the senri-direct products of their identity components with the order two sub¬ 
group generated by the matrix D = diag(—1,1,..., 1) (or any other order two 
matrix with negative determinant) and conjugation with D induces an outer auto¬ 
morphism of the Lie groups SL(2n,R) and PSL(2n,R). 


1. The structure of PSL(2n, R) 

In this section we investigate the Quillen category A(PSL(2n, R)) (2.45) for 
PSL(2n,R) (and related 2-compact groups SL(2n,R), GL(2n,R), PGL(2n, R)). 


45 
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Consider the elementary abelian 2-groups 

(4.4) 

f(SL(2n, R)) = f(GL(2n, R)) = (ei,..., e n ) C SL(2n, R) C GL(2n, R) 

A 2 n = (ei,..., e„, Cl,..., c„) = (diag(±l,..., ±1)) = (Z/2) 2 " c GL(2n, R) 

PA 2n = A 2n / < ei ■ ■ ■ e„> “ (Z/2) 2 "- 1 c PGL(2n, R) (ei • ■ • e„ = -E) 

SA 2n = (ei, ...,e n , ci c 2 ,..., cic„) = SL(2n, R) D A 2n 5* (Z/2) 2n_1 c SL(2?r, R) 

PSA 2n = SA 2n / (ei ■ ■ ■ e„) “ (Z/2) 2r! - 2 c PSL(2n, R) (d • ■ ■ e„ = -P) 
t(PSL(2n, R)) = f(PGL(2n, R)) = (/, ex,, e n ) / (d • • • e n ) C PSL(2n, R) c PGL(2n, R) 
Pf(SL(2n, R)) = Pf(GL(2n, R)) = (d,..., e„) / (d • • ■ e n ) C SL(2n, R) C GL(2n, R) 

where 

(4.5) 

ej = diag^g ^ ,..., ^ ^ ,..., ^ ^ G SL(2n, R), 1 <j<n 

I = diag ( - 1 ),.., (j - 1 ) ) € SL(2n, R), 

Cj = diag^Q q l)) e GL (2n,R), 1 < j < n 

The matrices ej and Cj have order two and commute with each other while Iej = ejl, 

Icj = ejCjl , and I 2 = ei • • • e„ = —E. 

The representation of the Weyl groups 

(4.6) IT(GL(2n, R)) = (d, • • ■, c n ) x E„ = E 2 \ E„, 

(4.7) W(SL(2n,R)) = (dc 2 , •. -,c\c n ) x E„ = A 2n n (S 2 l E„) 

on the maximal toral elementary abelian 2-group f(SL(2n, R)) = f(GL(2n,R)) 
is trivial on the subgroup (ci,...,c„) = Elf while E„ C GL(n, C) C SL(2?r, R) 
permutes the n basis vectors e 4 ,...,e n of f(SL(2n, R)) = f(GL(2n, R)). 

Let V be a nontrivial elementary abelian 2-group in PGL(2n, R) and V* its in¬ 
verse image in GL(2?i, R). Let q: V —> F 2 = {0,1} be the function and [, ]: V x V —> F 2 = {0,1} 
the bilinear map given by v* 2 = (—E) q ^ and [i'i,u 2 ] = (— E)^ 1 ’^ where v*, , i >2 € 

SL(2n, R) are preimages of v, v 4 , v 2 £ PSL(2n,R), respectively. The equations 

[vi,v 2 \ = [v 2 ,vi\, [v,v]=0, q(vi+v 2 ) = q(vi) + q(v 2 )+ [vi,v 2 ] 

show that q is the quadratic function associated to the symplectic bilinear form 
[ , ] [28, p. 356]. The bilinear form is the deviation from linearity of the quadratic 
function. Define V 1 - D R(V) to be the subgroups 

V 1 - = {v G V I [t>, V\ = 0} D {v G G 1 I q(v) = 0} = R(V) 

of V. Since q is a group homomorphism on V^, the subgroup R{V) is either all of 
V ■ L or a subgroup of index 2. 

In the following we write G o H for the product of the groups G and H with a 
common central subgroup amalgamated. The subgroup I5i(V*) is generated by all 
squares of elements of V* [28, III. 10.4]. 

4.8. Lemma. Let V be a nontrivial elementary abelian 2-group in PGL(2?r, R). 

The preimage V* in GL(2n, R) is 

{ C 2 xV q{V) = 0 

C 4 oV [V,V}=0, q(V)?0 

PxR(V) [V,V]^0, q(V ± ) = 0 

(C 4 o P) x R(V) [V, V] + 0, q{V x ) ± 0 


IP 
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where C 2 = (—-E 1 ) C C 4 C SL(2?r, R), P = 2±~ 2d is extraspecial , C 40 P is generalized 
extraspecial with center of order 4, and LSi(V*) C (-E). 

Proof. As long as the bilinear form is trivial, [V, V] = 0, V* is abelian and the 
structure theorem for finitely generated abelian groups applies. Assume that the 
bilinear form does not completely vanish, [V, V] 7 ^ 0. Then V* is nonabelian with 
commutator subgroup [V*,V*j = C 2 . Write V = U x R(V) for some nontrivial 
subgroup U complementary to R(V). Then V 1 - = V 1 - fl (U x R(V)) = (V 1 - fl 
U) x R(V) and q(V^~) = qfV 1 - fl U). If U* denotes the preimage of U, we have 
V* = U*(C 2 x R{V)) = U* x R(V) as the preimage of R{V), C 2 x R(V), is central 
in V*. The commutator subgroup [U*,U*] = [U*R(V),U*R{V)\ = [V*,V*] = C 2 
and the center Z(U*) is the preimage of V 1 - fl U. If qiV- 1 ) = 0, R{V) = V 1 - and 
V fl U = R(V) fl U is trivial so Z(U*) = C 2 and U* = P is extraspecial. If 
7 ^ 0) R(V) h as index 2 in V - 1 , V 1 - fl U has order 2 , and qiV 1 - fl U) 7 ^ 0 
so that Z{U*) contains an element of order 4. Therefore Z(U*) = C4 and U* is 
generalized extraspecial. There are two isomorphism classes of such groups but only 
U* = C 4 o D$ o ■ ■ ■ D$ = C40 P has elementary abelian abelianization [56, Ex. 8 , p. 

146], □ 

For instance, the preimage of the maximal toral elementary abelian 2-group 
t(PSL(2n,R) of PSL(2?i, R) is the abelian group 

(4.9) t(PSL(2n, R))* = (I, e±,.e n ), 

generated by I and i(SL(2n, R)). 

4.10. Corollary. Let V be a nontrivial elementary abelian 2-group in PSL(2n, R). 

If 

q(V) = 0, [V, V] = 0: V is toral in PSL(2n, R) V* = C 2 x V is toral in SL(2n, R) 

q(V) ^ 0, [V, V] = 0: V is toral 
qiV) ^ 0, [V, V] 0: V is nontoral 

Proof. We have 

V is toral «<=» V C t(PSL(2?z, R)) «<=> V* C <(PSL(2n, R))* 

where the symbol ‘C’ reads ‘is subconjugate to’. In the first case of the corollary, 
the preimage V* contains no elements of order 4 so that 

V* C t( PSL(2n,R))* V* C t( SL(2n,R)) 

as t(SL(2n,R)) consists of the elements of order < 2 in f(PSL(2?i, R))*. In the 
second case, V* = C 4 x R(V) so that R{V) C Cg L ( 2 n,R)(^) = GL(n, C). But any 
complex representation of the elementary abelian 2-group R(V) is toral, so R(V) C 
i(GL(n,C)) = t(SL(2n,R)) and V* C (C 4 , t(SL(2n, R))) = t(PSL(2n,R))*. In the 
third case, the nonabelian group V* can not be a subgroup of the abelian group 

i(PSL(2n,R))*. □ 

4.11. Lemma. Let V\ and V 2 be elementary abelian 2-groups in PSL(2?r,R). 

Then 

V\ and V 2 are conjugate in PSL(2n,R) Vf and Vf are conjugate in SL(2?i, R) 

where C SL(2?i, R) are the preimages. 

Proof. This is clear. □ 

Write A(PGL(2n, R )) 9=0 and A(PGL(2n, R ))- t,9=0 for the full subcategories 
of A(PGL(2n,R)) generated by all elementary abelian 2-groups V C PGL(2?r, R) 
with trivial quadratic function q, respectively, all toral elementary abelian 2 -groups 
V C PGL(2n, R) with trivial quadratic function q. Define A(PSL(2n, R )) 9=0 and 
A(PSL(2n, R ))- t,9=0 similarly as full subcategories of A(PSL(2n, R)). 
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4.12. Lemma. Write GL for GL(2n,R), SL for SL(2n,R), and PSL/o?’PSL(2n,R). 
The inclusion functors 


A(E 2 „, A 2n ) —> 

■ A(GL) 

A(E 2ra , SA 2n ) —> A(SL) 
A(W(SL),t(SL)) A(SL)-* 

A(E 2 „, PA 2n ) ■ 

A(PGL) 9=0 

A(E 2 „, PS'A 2n ) —> A(PSL) 9=0 

A(W(PSL), t(PSL)) -> A(PSL)-* 
A(W (PSL), Pt(SL)) -> A(PSL)- t,9=0 


are equivalences of categories. In particular, A(SL) and A(PSL) are fidl sub¬ 
categories of A(GL) and A(PGL), respectively. (See 2.68 for the meaning of 
A(E 2n , A 2n)-) 

Proof. By real representation theory any nontrivial elementary abelian 2- 
group of GL(2n, R) is conjugate to a subgroup V of A 2 „ and 

C , GL(2rt,R)(^) = GL(ip,R) 
pev v 

where i: V v —> Z records the multiplicity of p € V v in the representation V C 
A 2n C GL(2n, R). Observe that A 2n is the maximal elementary abelian 2-group 
in C , GL( 2 n,R)( 1 ^)- (For any i > 1, GL(i,R) contains the subgroup A,;, consisting 
of diagonal matrices with ±1 in the diagonal, as a maximal elementary abelian 
2-group.) Therefore, by the standard argument from [7, IV.2.5], used also in 3.4, 
any group homomorphism between two nontrivial subgroups of A 2 „ induced by 
conjugation with a matrix from GL(2n,R), is in fact induced by conjugation with 
a matrix from Agl( 2 «,r) (A 2n ) = A 2 „ x E 2n [54, Lennnma 3]. Thus the inclusion 
functor A(E 2n , A 2n ) —> A(GL(2n,R)) is a category equivalence. 

Any nontrivial elementary abelian 2-group V C PGL(2n,R) with q(V) = 0 is 
conjugate to a subgroup of PA 2n since V* , the preimage in GL(2?r, R), is conjugate 
to subgroup of A 2n . Let V\,V 2 be two nontrivial subgroups of PA 2n . From the 
commutative diagram of morphism sets 

A(E 2 „, A 2 „)(V 1 *, V 2 * ) — A(GL(2n, R))(Vi*, V 2 *) 


A(E 2n , PA 2 n )(V u V 2 f -^ A(PGL(2n, R))«=°(Fi, V 2 ) 

we see that the the bottom horizontal arrow is a bijection. This implies that 
A(E 2n , PA 2n ) —> A(PGL(2n, R)) 9=0 is an equivalence of categories. 

Any nontrivial elementary abelian 2-group in SL(2?i, R) is conjugate in GL(2n, R) 
to a subgroup of SL(2?r, R) fl A 2 „ = SA 2n (4.4). The Quillen category of SL(2?r, R) 
is a full subcategory of the Quillen catgory of GL(2?r, R) since C , GL( 2 r ! ,R)(^) ft- 
SL(2?r, R) for all objects V of A(SL(2n, R)). Thus the inclusion functor A(E 2 „, SA 2n ) 
A(SL(2?i, R)) is an equivalence of categories. 

Any toral elementary abelian 2-group in SL(2?i, R) is conjugate to a subgroup 
of f(SL(2?r, R)) by its very definition (2.50). Any morphism between two nontrivial 
subgroups of f(SL(2n,R)) induced by conjugation with a matrix from SL(2n,R), 
is in fact induced by conjugation with a matrix from iV(SL(2n, R)) and hence 
from IV(SL(2n,R)) [7, IV.2.5]. Thus A(W r (SL),t(SL)) -> A(SL(2n, R))- 4 is a 
category equivalence. The same argument can be used to identify the toral subcat¬ 
egory for PSL(2n, R) (and it is actually a general fact that the inclusion functor 
A(W(X),t(X)) —> A(A)- 4 is an equivalence of categories where tfX) —> X is the 
maximal toral elementary abelian p-group in the connected p-compact group X [47, 
2 . 8 ]). 
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Any nontrivial toral elementary abelian 2-group V C PSL(2n, R) with q(V) = 0 
is conjugate to a subgroup of Pt{ SL) (4.4) since V*, the preimage (4.8) in GL(2n, R), 
is conjugate to subgroup of f (SL) C f (PSL)* (4.9). As A(PSL)- t,9=0 is a full subcat¬ 
egory of A(PSL)- 4 = A(IF(PSL), f(PSL)), this means that A(W(PSL), Pf(SL)) —► 
A(PSL)- t,9=0 is a category equivalence. 

□ 

We now specialize to full subcategory A(PSL(2n, R))^ (2.50). 

4.13. Proposition. The chart 


A(PSL(2n, R ))^2 

Lines 

Planes 

q = 0 

q^ 0 

q = 0 

q^ 0 

n even 

n /2 

2 

P(n,3) +P(n,4) 

n/2 + [n/4] 

n odd 

[n/2] 

1 

P(n,3)+P(n,4) 

[n/2] 


gives the number of isomorphism classes of toral objects of rank 1 and 2 in A(PSL(2n, R)). 

When n is even , the j toral lines with q = 0 are L(2i,2n — 2i), 1 < i < 
and the two toral lines with q ^ 0 are I and I D . The toral planes with q = 0 are 
the planes P(2?'o, 2i±, 2i 2l 0) where ( 10 , 0 , 22 ) is a partition of n into three natural 
numbers, P(2io,2ii,2i 2 ,2i 2 ) where (20,21,22,23) is a partition ofn into four natural 
numbers, and the toral planes with q ^ 0 are Iff=L(i,n — i), 1 < i < and 
IffLfi , n — i) D for even i. 

When n is odd, the [^] toral lines with q = 0 are L(2i, 2n — 2i), 1 < i < [^], 
and the toral line with q 0 is I. The toral planes with q = 0 are the planes 
P( 2 io, 2 ii, 222, 0) where (20,21,22) is a partition ofn into three natural numbers, 
P(2io, 2 *i, 2 z 2 , 223) where (*o, 21,22,23) is a partition of n into four natural numbers, 
and the toral planes with q ^ 0 are Iff=L(i, n — i), 1 < i < [^]. 

In (4.14) and (4.15) we list the centralizers of the rank one objects and in 
(4.16) and (4.17) the centralizers of the rank two objects. 


Proposition 4.13 is the conclusion of the following considerations. 

For any partition 2 = (*o, 21 ) of n = *o + O into a sum of two positive integers 
20 > 21 > 1 let L[i\ = P[2zo,22i] c t(SL(2n,R)) C SL(2?r, R) be the toral subgroup 
generated by 

£() £l 

diag(+P,.. •, +E, —E ,..., —E) 

Then the centralizer (of the image in PSL(2n,R)) of this subgroup is 


(4.14) CpgL(2n,R.) A[2io, 2*i] 


SL(22 0 ,R^SL(2U,R) ^ <diag(Dl , £> 2 )) ^ ^ 

SL( ( 2 .!gf ) x ^diag(£>i, D 2 ), ^ ^ ^ i 0 = h 


where Dj = diag(—1,1,..., 1) £ GL(2zj, R) are matrices of determinant —1. The 
diagonal matrix diag(Pi, D 2 ) acts on the identity component of the centralizer by 
the outer action on both factors. In the second case, which only occurs when n = 2z 0 

is even, the matrix ^j acts by permuting the factors. 

The element I £ f(PSL(2n, R))* C SL(2n, R) of order four generates an order 
two toral subgroup of PSL(2n,R) with centralizer [47, 5.11] 


(4.15) 


CpSL(2n,R)(-0 


GL(n, C)/(—E) nodd 

GL(n, C)/(—E) x (ci • • • c n ) n even 


where, in the even case, the component group acts on the identity component 
through the unstable Adams operation if -1 . The nontrivial outer automorphism of 
PSL(2n, R) takes I to I D where I ^ I D if and only if n is even (9.4.(4)). 
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For any partition * = (* 0 , *1, *2, 0) of n = *o +*i + *2 into a sum of three positive 
integers *o > *i > *2 > 0 or any partition i = (io, *i, i 2 , *3) of n = *o + *i + *2 + *3 into 
a sum of four positive integers io > *1 > 12 > *3 > 0 let P[*] = P[ 2 * 0 ,2ii, 2 i 2 , 2 i 3 ] C 
f(SL( 2 n, R)) C SL( 2 n, R) be the subgroup generated by the two elements 


diag(+P,..., -\-E, — E ,..., — E, -\~E ,..., -\-E, E ,..., — E) 


ii 



12 




The centralizers in PSL(2n, R) are 
(4.16) 


CpSL(2n,R)-P(i) 


SL(2i 0 ,R) 2 xSL(2i 2 ,R) 
{-E-E-E-E) 
SL(2z 0 ,R)' 


iS(i) 

■'2 


{-E-E-E-E) 
If s(i ) SL(2ij .R) 

F W 


^ker ( C'2 
4 (ker (C 2 5(i) -> C 2 ) 
x ker (cf (i) -> C 2 ) 


C 2 ) x Z/2) 
x (Z/2 x Z/2)) 


i = (2io, 2*o, 2 * 2 , 2* 2 ) 
* (2*o, 2*o, 2*o, 2*o) 

otherwise 


where ker —> C 2 ) = (diag(Fi, _D 2 , E, E), diag(Fi, E, D 3 , E), diag(P>i, E, E, D4)) 

(when #S(i) — 4) is generated by diagonal matrices, Dj = diag(—1,1,..., 1) € 
GL(2ip R), and 


Z/2 


(0 

E 

0 

°\ 

\ / 

(0 

E 

0 

°\ 


( 0 

0 

E 

°\ 

E 

0 

0 

0 

V Z/2xZ/2 = / 

/ \ 

E 

0 

0 

0 


0 

0 

0 

E 

0 

0 

0 

E 

0 

0 

0 

E 


E 

0 

0 

0 

V° 

0 

E 

V 



0 

E 

V 



E 

0 

0/ 


are generated by block permutation matrices. (The component group of the first 
line is C 2 x Dg ; the component group of second line is extra special of order 32 
isomorphic to Dg o Dg.) 

For any partition i = (io, * 1 ) of n = *0 + *1 into a sum of two positive integers 
*0 > *1 > 0 let J#-L[*o,*i] C PSL(2n, R) be the elementary abelian 2-group that is 
the quotient of 


*0 *1 

(7#L[i 0 ,ii])* = (I, diag (+E ,.?., +E,'-E,~., -E)) C t(PSL(2n, R))* 
It follows that 


(4.17) FpSL(2n,R)7#T(*0, * 1 ) 


GL(i 0 ,C)xGL(ii,C) 

(-E.-E) 

GL(i 0 ,C)xGL(ii,C) 
(-E-E) 
GL(i,C) xGL(i.C) 
(-E-E) 


X (Cl • 
X (Ci • • 


,P) 


n odd 

n even, *o ^ i\ 
n even, *0 = i\ 


where P = 




permutes the two identical factors. 


4.18. Proposition. IffL(i,n — *) ^ I#L(i,n — i) D if and only if n and i are 
even. 


Proof. The automorphism group of (*) x (e) = C4 x C 2 = I#L(i,n — *)* is 
the dihedral group of order eight 

Aut(C 4 x C 2 ) = (a, b | a 4 , b 2 , bab = a 3 ) 

generated by the two automorphisms given by a(i) = ie, a(e) = * 2 e and b(i) = i, 
b(e) = i 2 e. The automorphism a 2 £ Aut(C 4 ) C Aut(C , 4 x C 2 ) is induced by 
conjugation with the matrix 

diag(P,...,P), P = j), 
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of determinant (—1)™. Thus A(SL(2n, R))(/#L(i, n—*)*) ^ A(GL(2n,R))(IffL(i,n— 
i)*) and IffL[i, n — i) = I#L(i, n — i) D when n is odd (9.2). 

Assume now that n is even. The group of trace preserving automorphisms 


A(GL(2?r, R))(C 4 x C 2 ) 


( a 2 ,ba ) 2i < n 

Aut(G4 x C 2 ) 2i = n 


has index 2 in general but is actually equal to the full automorphism group in case 
i = n/2. The conjugating matrix for ba is 


diag(P ,... ,P,E,... ,E) 

of determinant (— 1)*. Thus IffL(i,n — i ) = IffL(i,n — i) D when i is odd. If n — 2i 
then the conjugating matrices for the automorphisms a and b are 

i i 

(° E ^)diag (P^~P,E7^E) and ^ 

The permutation matrix for b has positive determinant and the matrix for a has 
determinant (—1)*. Thus /#L(z, n — i) = I#L(i, n — i) D if and only if i is odd. □ 


2. Centralizers of objects of A(PSL(2n, R ))<2 are LHS 

In this section we check that all toral objects of rank < 2 have LHS (2.26) 
centralizers. 

4.19. Lemma. The centralizers of the objects of A(PSL(2n, R))^; 

(1) GL(i, C)/(—E) x C 2 , 1 < i (4.15) 

(2) SL(2i 0 ,R)oSL(2*i,R) x C 2 , 1 < i 0 < h (4.14) 

(3) (SL(2i, R) o SL(2i, R)) x [C 2 x C 2 ), 1 < i (4.14) 

(4) C' PSL(2n . R) (V r ), q(V) = 0 (4.16) 

(5) Cp SL(2niR) (V), q(V)? 0 (4.17) 

are LHS. 

The cases of interest here are summarized in the following charts, obtained by 
use of a computer, for rank one centralizers with quadratic form q = 0 (4.14) 


SL(2i 0 ,R) oSL(2ii,R) 

ker 6 

Horn (W,T W ) 

H l (W ; T) 

e 

1 = *o, 2 = i\ 

(Z/2) 2 

(z/2 r 

Z/2 

0 

1 = *0; 3 = i\ 

0 

Z/2 

(Z/2)" 

mono 

1 = *o,4 < *i 

0 

Z/2 

Z/2 

iso 

2 = i 0 < ii 

(Z/2) 2 

(Z/2) a 

Z/2 

epi 

3 < *o < *i 

0 

(Z/2)" 

(Z/2)" 

iso 


SL(2z, R) o SL(2z, R) 

ker# 

Hom(H / , T w ) 

H l (W;T) 

6 


i = 2 


(Z/2) 4 

msmm 

0 

i > 3 

0 

mw 

mui&m 

iso 


and q £ 0 (4.15) 


GL(i, C)/ (-E) 

ker 9 

Horn (W-,T w ) 

F^iTjr) 

# 

i = 2 

Z/2 

(Z/2)" 

Z/2 

epi 

i = 3 

0 

Z/2 

Z/2 

iso 

i = 4 

0 

Z/2 


mono 

i > 4 

0 

Z/2 

Z/2 

iso 


and for rank two centralizers with quadratic form q = 0 (4.16) 
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SL(2t 0 , R)- 0 SL(2ti, R) 2 

ker 9 

Hom(IT; T 147 ) 

R i (IT; T) 

6> 

1 — ^ 0 ? 2 — i\ 

(Z/2) 4 

(Z/2) 1 - 

(Z/2) 8 

epi 

1 — if)? 2 < ii 

0 

" (Z72? 

(Z/2) b 

iso 

2 = to < ti 

(Z/2) 4 

(Z/2) 18 

(Z/2) 14 

epi 

2 < to < ti 

0 

(Z/2) 1 - 

(Z/2) 1 - 

iso 


n^=o SL(2tj, R)/ (—£1) 

ker 9 

Hom(IT;T H/ ) 

H 1 (W;T) 

6 * 

1 = to, 2 = ti < t 2 

(Z/2)^ 

(Z/2) b 

(Z/2 ) 4 

epi 

1 = to, 2 < ti < t 2 

0 

(Z/2 ) 4 

(Z/2 ) 4 

iso 

2 = to < ti < t 2 

1z72T 

(Z/2 ) 8 

(Z/2) b 

epi 

2 < to < ti < t 2 

0 

(W 

(Z/2) b 

iso 

II 1=0 SL( 2 tj, R)/ (—£ 1 ) 

ker 9 

Hom/R 7 ; T 147 ) 

iL 1 (IT;T) 

9 

1 = to, 2 = ti <h <h 

(Z/2)- 

(Z/2) 1 - 

(Z/2) iu 

epi 

1 = t 0 ,2 < ti < t 2 < 13 

0 

(W 

(Z/2) y 

iso 

2 = to < tl < t 2 < t 3 

Tz72T 

(Z/2) ib 

(Z/2 ) 13 

epi 

2 < t 0 < ti < t 2 < t 3 

0 

(Z/2) 1 - 

(Z/2) 1 - 

iso 


SL(2t,R) 4 /(-£) 

ker 9 

Hom(W / ;T M/ ) 

H l (W ; T) 

6> 

2 = t 

(Z/2) 8 

(Z/2)- 4 

(Z/2 ) ib 

epi 

3 < t 

0 

(Z/2) 1 - 

(Z/2) 1 - 

iso 


and with quadratic form q Y 0 (4.17) 


GL(t 0 ,C)oGL(ti,C) 

ker# 

Hom(H / ;T’ vv ) 

H L (W ; T) 

6< 

1 = t 0 ,2 = ti 

Z/2 

(Z/2)- 

Z/2 

epi 

1 = t 0 ,2 < ti 

0 

(W 

(Z/2)- 

iso 

2 = to < ti 

Z/2 

(W 

(Z/2) 3 

epi 

2 < to < ti 

0 

(W 

(Z/2) 4 

iso 

GL(t, C) 0 GL(t, C) 

kerd 

Hom(IT;T M/ ) 

R^ITjT) 

6< 

2 = t 

(Z/2)- 

(Z/2) 4 

(Z/2) 3 


3 < t 

0 

(W 

(Z/2) 4 

iso 


Proof of Lemma 4.19. (1) Let X = GL(t, C )/{—E) x C 2 for i > 1. Since the 
Weyl group for X is a direct product W = Wq x C 2 , X is LHS. 

(2) Let X = (SL(2t 0 , R) o SL(2ti, R)) x C 2 for 1 < to < i \. The first problematic 
case is when to = 1 and i 1 = 2 or 3. In this case, explicit computer computation 
results in the chart 


SL(2,R)oSL(2ii,R)) x C 2 

T w °) 

H\W]T) 

H l (W 0 ;T) 


ti = 2 

0 

Z/2 

Z/2 

Z/2 

ti = 3 

0 

| 

^ (Z/2)- 

I 

1 


showing that X is LHS. The second problematic case is 2 = to < ti where 9(X 0 ) is 
epimorphic. Since H 1 (W 0 \T) = Z/2, also d(X 0 ) 7r is epimorphic so that X is LHS 
(2.28). 

(3) Let X = (SL(2t,R) o SL(2t,R)) x (C 2 x C 2 ) for t > 1. X is a 2-conrpact 
toral group when t = 1 and hence obviously LHS. For i > 2 explicit computer 
computation gives 


(SL(2t, R) 0 SL(2t, R)) x (C 2 x C 2 ) 

T w °) 

H L (W;T) 

H l (W 0 -,T) 

HYW 0 -Tr 

t = 2 

■ 

1 

(Z/2) 4 

■ 

1 

(Z/2)- 

t > 3 


■asa» 


Z/2 
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so X is manifestly LHS for z = 2. For z > 2, 9(X 0 ) is bijective so X is LHS (2.28). 

(4) Let X = (SL(2z, R) 4 / (—£)) x (D$oD$) for i > 1. When z = 1, X is a 2-conrpact 
toral group which are all LHS. When i — 2 explicit computer computation gives 


(SL(2z, R) 4 / {—E)) x (D s oD 8 ) 

H\tt;T w °) 

H L (W ; T) 

H L (W 0 -,T) 

H L (Wo; T) n 

i = 2 

(z/2 y 

mmm 

1 

1 

■ 

1 


so X is LHS by definition. For z > 2, 9(X 0 ) is bijective. 

(5) Let X = (SL(2z 0 , R) 2 oSL(2ii, R) 2 ) x (C 2 x D 8 ) for 1 < z 0 < zi- The problematic 
cases are i 0 = l,zi = 2 and 2 = zo < Zi where 9(X 0 ) is surjective but not bijective. 
With the help of computer computations we obtain the table 


(SL(2z 0 , R) 2 0 SL(2zr, R) 2 ) x {D s x C 2 ) 

H\ir,T w °) 

H 1 (W ; T) 

H\w 0] T) 

H\W 0 -,T)* 

io — 1? ^1 — 2 

(Z/2 )*> 

mmm 

mmm 

mmm 

Zq = 2, 3 ^ Zi 


mmm 

(Z/2) 14 

mmm 


showing that X is LHS in these cases also. 

rj2 SL(2i • R.) 

(6) Let X = 3=0 J ’ — x Cf. The problematic cases are 1 = z'o, 2 = zi < z 2 and 
2 = zq < zi < z 2 . With the help of computer computations we obtain the table 


nj = 0 SL( 2 i J ,R) _ 

(-E) * °2 

n;f Wo ) 

R 1 (W;f) 

H\W 0 -,T) 

ff 1 (W 0 ;?)’ r 

*0 = 1 , 2 = *1 < *2 

(Z/2) 3 

(Z/2) e 

(Z/2) 4 

(Z/2) 3 

2 = zq < zi < *2 

(Z/2) 4 

(Z/2 ) y 

r (Z/2) B 

(Z/2) 3 


showing that X is LHS in these cases also. 

(7) Let X = x Cf. The problematic cases are 1 = Zo, 2 = zi < z 2 < Z 3 

and 2 = *o < zi < *2 < * 3 - With the help of computer computations we obtain the 
table 


FI j=o SL(2?j ,R) _ ^,3 

-- * °2 

H 1 ( n;f w °) 

R 1 (W;T) 


H'iWoif)* 

Zo = 1 , 2 = Zi < z 2 < Z3 

(Z/2) 8 

(Z/2) ifc> 

(Z/2) iu 

(Z/2) 3 

2 = Zq < Zi < Z 2 < Z3 

(W 

(Z/2) 2U 

(Z/2) 13 

(Z/2) 11 


showing that X is LHS in these cases also. 

(8) The 2-conrpact group (GL(z, C) oGL(z, C)) xi (Z/2 x Z/2) is LHS for z > 2 where 
9 is bijective. When z = 2 we find 


(GL(z, C) 0 GL(z, C)) x (C 2 x C 2 ) 

H\tt;T w 0 ) 

H\W\T) 

H\Wo\T) 

HYWo-ry 

z = 2 


■^3B 

mmm 

■rf 1 


so X is also LHS in this case. 

(9) Let X = GL(zo, C) o GL(ii, C) xi C 2 , 1 < io < ii- Since the identity component 
has surjective 0-homomorphism and the component group n = C 2 acts trivially on 
H 1 (Wo;T), X is LHS by 2.28. The values of the relevant cohomology groups are 


(GL(z 0 ,C)oGL(zi,C)) x C 2 

E 1 (ir;T H/ “) 

H l {W\T) 

RWcdT) 

H\W 0 -TY 

1 = zo, 2 = zi 

0 

Z/2 

Z/2 

Z/2 

1 = z 0 ,2 < zi 

0 

■ 

1 

| 

1 

2 = z 0 < zi 

0 

mug 

IB 

Bflf 

2 < Z 0 < Z! 

0 

■B®B 

■B^Bl 

BB5Q1B 


according to computer computations. □ 
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3. The limit of the functor H 1 (Wq\ f) w ! w ° on A(PSL(2n, R ))<2 

Let i? 1 (W 0 ;T’): A(PSL(2n, R))|* -> Ab be the functor that takes the toral ele¬ 
mentary abelian 2-group V C f(PSL(2n, R)) to the abelian group -ff 1 (W / o(C’psL( 2 ji,R)(^)j T)), 
and H 1 (Wo;T) w / w ° the functor that takes V to the the invariants for the action 
of the component group 7r 0 (7psL(2ra.R)(^) on this first cohomology group (2.53). 

4.20. Proposition. The restriction map 

fL 1 (lT(PSL(2n,R);T) -> lim°(A(PSL(2n, R))|*, T) w / w °) 

is an isomorphism for all n > 4. 

Proof. Consider first that case where n = 4. The 2-compact group X = 

PSL(8, R) contains (4.13) the four rank one elementary abelian 2-groups L( 2,6), P(4,4), I, I D 
with centralizers SL(2,R)oSL(6,R) >4(72, SL(4,R)oSL(4,R)x((72X(72), GL(4,C)/ (-E) 
(twice). The claim of the proposition follows from the fact, verifiable by computer 
computations, that in all four cases, the restriction H 1 {W]f{X)) —> H 1 (Wq(Cx(L))-, f) w / w o 
happens to be isomorphism. 

For n > 4, the claim is that the limit of the functor H 1 (Wo;f) w / w ° is trivial. 

In fact, even the limit of the functor H [ (Wo; T) is trivial. To see this, recall (4.13) 
that PSL(2n, R) contains the toral lines L{2i,2n — 2z), 1 < i < [n/2], I and also 
I D when n is even. Computer computations show that the morphisms 

H 1 (W 0 ;f)(L(2,2n-2)) w H\W 0 -, T )(J#L(1, n - 1)) H^W^T^I) 

are injective with and that their images intersect trivially. When n > 6 is even, also 
the images of the injective morphisms 

H\W 0 -, T)(L(4,2n - 4)) w H\W 0 ] T)(/#L(2, n - 2) D ) ^ H\W 0 ; T){I D ) 

intersect trivially. More computer computations show that, similarly, the mor¬ 
phisms 

H\W 0 -,T)(L{2i,2n-2i)) — H\W 0 -,f)(I#L(i,n-i)) ^ H 1 (W 0 ;t)(I), 1 <i< [n/2], 

are injective with and that their images intersect trivially. □ 

4. Rank two nontoral objects of A(PSL(2n, R)) 

In this section we take a closer look at the nontoral rank two objects of A(PSL(2n, R)) 
in order to verify the conditions of 2.63. 

Nontoral rank two objects P of PSL(2n, R) satisfy either q(P) = 0 or [ P , P] 0 
(4.10) and the latter case only occurs if n is even. 
q(P) = 0: For any partition *o > i% > *2 > *3 > 1, let 

P[io,ii,i 2 ,is\* = <(+l) io (-ir(+l) i2 (-l) i3 ,(+l) io (+ir(-l)* 2 (-l) i3 ,-^> c A 2 „, 

P[i 0 , ii,z 2 ,*3] = P[io,ii,i2,h\*/ (-E) C PA 2n 

where we apply the notation from notation from 3.§1. Then P[io, i i, * 2 , * 3 ]* C S A 2r! , 
if and only if i 0 , ii, z 2 , and is all have the same parity and P[io, * 1 , * 2 , * 3 ]* is nontoral 
iff this parity is odd. It follows that the set of isomorphism classes of nontoral rank 
two objects of A(PSL(2n, R)) 9=0 corresponds bijectively to the P(n+ 2,4) partitions 
i = [z 0 , zi, z 2 , Z3] of n + 2 into sums of 4 natural numbers, n + 2 = io + ii + z 2 + *3, 

*o > zi > ii > *3 > 1. The correspondence is via the map 

i = [io, ii, z 2 , Z3] —> P[z] = P[2z 0 - 1,2ii - 1,2i 2 - 1,2z 3 - 1] 
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that to the partition i = [*q, *i, * 2 , * 3 ] associates the quotient P[i\ C PS A 2 „ of 
P[i]* C 5A 2 „ generated by the three elements 

2io — 1 2ii — 1 2i 2 — 1 2i3 — 1 

v\ = diag(+l,..., +1, — 1, • • ■, —1,+1,...,+1,— 1, • ■ •, — 1) 

2iq — 1 2i\ — 1 2i 2 — 1 2i 3 — 1 

V 2 = diag(+l, • Ai) +1, +1, • • •, +1, — 1, • • •, — 1, — 1, • • •, — 1), 
v 3 = diag(—1,..., —1) 

The centralizer of P[i\* in SL(2n, R) is 

C SW 2n,R)(i > [i]*) = SL(2n, R) n C SL(2r! , R) (P[i]*) 

3 3 

= SL(2n, R) n ( JJ GL(2ij - 1, R)) = P[i}* x SL(2ij - 1, R) 

1=o 1=o 

and centralizer of P[i] in PSL(2n,R) is therefore [47, 5.11] 

3 

(4.21) C'p SL( 2 n,R ) (P[*]) = P[i] x ( n SL(2ij - 1,R)) x P[ 

1=0 

where P[i]V is a group of permutation matrices isomorphic to C 2 if i = [to, io, ii, * 2 ], 
to C 2 x C 2 if i = [«o,ioj*o,*o], and trivial in all other cases. Note that P[i]* is 
contained in 7V(SL(2n, R)) = SL(2n, R) fl GL(2, R) l S„ because we may write 

(4.22) 

io — 1 ii—1 *2 — 1 *3 — 1 

t>i=diag (E,...,E,R,-E,...,-E,E,...,E,R,-E,...,-E), R = _°^ 

(4.23) 

*0 — 1 *1—1 *2 — 1 *3 — 1 

v 2 = diag(P,..., E, E, E,..., E, -E,-E,-E, -E,-E) 
and that the centralizer of P[i]* there is 


C < Af(SL(2n,R))(P[*]*) — SL(2n, R) n Ggl(2,R);E„(i ; i) n G G L(2,R)iE„(n2) 

(9 ^ 0) SL(2n,R)nG GL(2 , R)i(Sio+ii _ lxEi2+i3 _ l) (u 1 ) (9 = 0) P{i}*x(f[ GL(2,R);S i ._ 1 ) 

l=o 


It follows that the centralizer of P[i] in 7V(PSL(2n, R)) is 

3 

CjV(PSL(2ra,R))(-P[*]) = P[i\ X ( ]^[ GL(2, R) l Sj 3 . X P[4 V = iV(C'pSL(2n, R )(P[*])) 

1=0 

For instance, if i — [lo, io, * 2 , * 2 ], then P[i]V is the group of order two generated by 
diag(Co, C 2 ) G lV(PSL(2n, R)) where Go is the (4*o — 2) x (4*o — 2) matrix 


/ 0 0 E\ 

0 T 0 , 

\E 0 0/ 



and C 2 is a similar (4i 2 — 2) x (4i 2 — 2) matrix. Thus P[i ] C _/V(PSL(2n, R)) is a 
preferred lift [45] of P[i\ C PSL(2n,R). The two other preferred lifts [44, 6.2] of 
P[i\ C PSL(2n,R) are obtained by composing the inclusion P[i\ C AT(PSL(2n, R)) 
with the inner automorphism given by the permutation matrices (1, 2)(2*o, 2n — 
2*3 + 1 ) 
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2 io — 1 2 i ± — 1 2 i 2 — 1 223— 1 

(+i,+i,...,+i,—i,+i,...,+i,—l,...,—l) 

LJ t_t 

2io — 1 2 i \ — 1 2 i 2 — 1 223— 1 


(+V+1, l,--.,—l,—l,--.,—l) 

LJ t_J 

and (1, 2)(2?'o, 2 n — 2i$ + 2) 


2ii-l 


2i 2 ~l 


2*3-1 


( + l7+l, . . • , +1, — 1, 1, +1, . . • , +1,-1, 1) 

LJ t_I 

2io — 1 2i\ — 1 2i 2 — 1 223 — 1 

^ ^ ^ ^ 

(+i) +i) - • - * +i,+i, - - —i, - - -, —i,—i, - - •,—i) 

LJ t_1 


taking vi and V 2 as in (4.22, 4.23) to 

io — 1 ii — 1 


i 2 — l 


23-1 


vi = diag(P, ...,E,E, -E,..., —E, E,...,E , —E, -E,..., -E), 

*0 — 1 il—1 *2 — 1 *3 — 1 


v 2 = diag (E, ...,E,R,E,...,E, —E, ..., -E, R, -E ,..., -E) 


respectively to 


*o-i * 1—1 * 2-1 *3—i 

Vi = diag (E,...,E,R , -E, ..., -E, E,...,E,R, -E,..., —E), 

2 () 1 2 l 1 22 _ 1 23 — 1 

V 2 = diag (E,.. ., E, R, E,. .., E, —E, ..., —E, R, —E, ..., — E ) 

In the same way as above, we see that these are really preferred lifts of P[i\. The 
three lifts are not conjugate in A r (PSL(2n, R)) because the intersection with the 
maximal torus is i >2 in case (4.22, 4.23) but v\ and v\ +V 2 in the two other cases. Ob¬ 
serve that all three preferred lifts of P[i] have the same image in IT(PSL(2?i, R)) = 
7 ToIV(PSL( 2 n, R)) C 7ToGL(2, R);S n . Observe also that the inclusion P[i\ x P[i]Y —> 
C'psL( 2 m.R)(-f > [*]) induces an isomorphism on component groups and that the cen¬ 
tralizer 


CpSL(2n,R)CP[*] X P[i]i) = C 'Cp SL(2n ,R ) 


(pw)(- p Wi / ) 


! P[i\ x SL(2t 0 - 1,R) 

P[i] x SL(2t 0 - 1,R) x SL(2i 2 

CpSL(2n,R)(-P[*]) 


i = [io, io, io, * 0 ] 
1,R) i = [io,io,i 2 ,h\ 
otherwise 


has nontrivial identity component when n > 2. 

[P, P] ^ 0: A(PSL(4n, R)) contains (up to isomorphism) four rank two objects with 
nontrivial inner product, namely H +1 H+, H_. and HE where H± is the image of 
2^+ 2 c SL(2n, R) (4.50). 

The extraspecial 2-group 2+ C SL(4?i, R) is described in 9.4.(6) or, alterna¬ 
tively, in 9.7 as 
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Note that 2^ +2 is contained in A(SL(4n, R)) = SL(4n, R) fl (GL(2,R) l E 2n ) and 
that its centralizer there is 

C , Af(SL(4n,R))(2 1 t +2 ) = SL(4n, R) n C f QL(4n,R) (o) 0 C , G L(2,R)(E 2 n ( V ?) 

(9 = 0) SL(4n, R) n C GU2W n MC2 v n) ( Vl ) = GL(2, R) l E„ = A(GL(2n, R)) 

It follows, as in 4.50, that the centralizer of H + in IV(PSL(4n, R)) is 

C N ( S L( 4 „,R))(tf+) = H + x C iV( sL(4„,R))(2i +2 )/(-i?) = N(H + x PGL(2n, R)) 

which means that H + C iV(PSL(4n, R)) is a preferred lift of H + C PSL(4?r, R). An¬ 
other preferred lift can be obtained by pre-composing the inclusion H + C N (PSL(4n, R)) 
with the nontrivial automorphism in A(PSL(4?r, R))(R + ) = 0 + (2,F 2 ). The final 
preferred lift is 


( 2 l+2)diag(R,...,R) = ^-( 5l£ , 2 )diag( B . B \ 

- (ffiff 2 ) dias(S ’ ’ B) = diag ^ 


diag (B,. 
i/2 


... 




I 0 
0 -I 


I 0 
0 -I 


92 = 92 


Also this subgroup is actually contained in the maximal torus normalizer with 
centralizer 


C 


N( SL(4n,R))(2i +2 ) dlaS(S ’ 


;B) _ 


= SL(4n, R)nc GL(2 , R)iE2 „ (-(ffi 52 ) dias(B ’-’ B) )n c 'GL (4 


n,R) 


( = 0) (GL(l,C) 2 xG 2 )iE„nC' GL( 4 „, R) (g 2 ) = (GL(1,C)xC 2 )lS n = N(GL(2n,R)) 
where 

° 2= ((t o))’ 

Observe that, for all three preferred lifts of R+, the image in the Weyl group 
W / (PSL(4n,R)) = 7r 0 7V(PSL(4?i, R)) C 7r 0 GL(2, R) l E 2t! is the order 2 subgroup 
of E 2n generated by the permutation (1, 2)(3, 4) • • • (2 n — 1, 2 n). Observe also the 
inclusion H + #L(l,2n — 1) —* CpsL( 4 ra,R)(-H+) (4.39) induces an isomorphism on 
component groups and that the centralizer CpsL(4n,R) 2 n — 1)) has non¬ 

trivial identity component (according to the proof of 4.54) when n > 2. 

The extraspecial 2-group 2_ 2 C SL(4?r, R) is described in 9.4.(7) or, alterna¬ 
tively, in 9.7 as 


2 i+ 2 = 


diag ( 


I 0 
0 -I 


I 0 
0 -I 


, diag ( 


0 I 
I 0 


0 I 
I 0 


) = ( 91 , 92 ) 


Note that 2)_ +2 is contained in 7V(SL(4n, R)) = SL(4?r, R) 0 (GL(2,R) l Yj 2n) &nd 
that its centralizer there is 

C'iv(SL(4n,R))(2 1+2 ) = SL(4n,R) n C' GL (2,R)(E 2n (5l) n C' GL (4n, R )(5 , 2) 

( = 0) (GL(1, C) 2 xC' 2 )iE„nC' GL(4n , R ) (g 2 ) = (gL(1,C), (_° t ^ );E„ ( = } JV(GL(n,H)) 

It follows, as in 4.50, that the centralizer of R_ in 7V(PSL(4?r, R)) is 

CW(SL(4„,R))(ff-) =H_X C N(SH4nm (2l+ 2 )/ (-E) = N(H_ x PGL(n, H)) 

which means that H_ C 7V(PSL(4n,R)) is a preferred lift of H_ C PSL(4n,R). 

The two other preferred lifts can be obtained by pre-composing the inclusion iJ_ C 
_/V(PSL(4n, R)) with the nontrivial automorphisms in A(PSL(4?r, R))(R_) = 0~( 2, F 2 ) = 
Sp(2, F 2 ) = GL(2, F 2 ). Observe that, for all three preferred lifts of R_, the image 
in the Weyl group IT(PSL(4n, R)) = 7To-/V(PSL(4n, R)) C 7roGL(2, R) l E 2 „ is the 
order 2 subgroup of E 2 „ generated by (1, 2)(3, 4) • • • (2 n — 1, 2n). Observe also that 
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H_ is contained in the rank three subgroup H + ffL( 1, n— 1) (4.41) whose centralizer 
has a nontrivial identity component when n > 2 (according to the proof of 4.54). 

We conclude that for every nontoral rank two object P of A(PSL(2?r, R)) the 
identity component CpgL( 2 r;.R) (P)o of the centralizer is center-less. By (part of) 

[42, 5.2], the homomorphism 

Aut(C'pg L ( 2 „.R)(f > )) —► Aut(7roCpsL(2n,R)(-f > )) x Aut(CpsL( 2 n,R) (P)o) > 
obtained by applying the functors no and ( )o, is injective. Under the inductive 
assumption that CpsL(2n,,R)(-P)o (see (4.21) and (4.50)) has 7r*(A)-determined au¬ 
tomorphisms it then follows from Lemma 2.63 and diagram (2.64) that condition 
(3) of Theorem 2.51 is satisfied. 

5. Limits over the Quillen category of PSL(2n,R) 

In this section we show that the problem of computing the higher limits of the 
functors 7T,(I?ZCpsL(2ri.R))> * = 1,2, (2.47) is concentrated on objects of the Quillen 
category with q ^ 0. 

4.24. Lemma. Let V c PS/S. 2 n (4.4) be a nontrivial subgroup representing an 
object of the category A(PSL(2n,Ti)) q=0 = A(T, 2 n, PSA 2 n ) (4.12). Then 

ZC PSH2n , n) (V) = PSA^ (V) 

where T, 2 n {V) C E 2n is the point-wise stabilizer subgroup (2.68). 

Proof. Let v*\ V —* SA 2 n be a lift to SL(2n,R) of the inclusion homomor¬ 
phism of V into PSL(2n,R). Then 

C S L( 2 n,R)K^ = SL(2n,R)n H GL(v,R), S 2n (Pk)= 

pev v pev v 

where i: V v —> Z records the multiplicity of each p £ V v in the representation v*. 

Write 

, --s /-. 

v*{v)= diag(pi (v), ..., pi (v) ,..., p m (v) ,..., p m (v )) 
where pi,..., p m £ U v = Hom(U, C 2 ) are pairwise distinct homomorphisms V —> 

C 2 = (±1) and ii + • • • —(— i m = 2 n. There is a corresponding decomposition 
{1,..., 2?r} = I\ U • • • U I m of the set {1,..., 2n} into k disjoint subsets Ij con¬ 
taining ij elements. 

Using [47, 5.11] and 9.20 we get that 

Cp S L(2n,R)(V) = CSH2 (*ty / ’ V) * S 2n (U) = Yi 2 n {v*V) X U„ V , 

where = {( € Hom(U, GL(1, R)) | Vp £ U v : i^ p = i p }. Suppose that £ is a 
nontrivial element of V){. Choose a vector v £ V such that £(u) = — 1. Then the 
determinant of v*(v) is (—1)" for v*(v) consists of an equal number of +1 and —1. 

Thus n is even. Let a be the permutation associated to £ that moves the subset 
Ij monotonically to Ik where £pj = pu- Then a is even for it is a product of n 
transpositions. In this way we imbed V(C as a subgroup of the alternating group 
A 2n C PSL(2n, R) to obtain the senri-direct products. 

The center of the centralizer is 

^nSL(2„,R)nGL(v,R) wv \ (9.14) „ j\\ SL(2n,R) GGL(v,R) 

“ l (=1) ™ V -) ~ Z { (=!) 

(9T8) / SL(2n,R)nn^GL(y,R) \ v ^ ( SA^ V) 

\ (~E) J { (-E) 

= (P5A 2 E r Ky) ) C * = PS A 2 E - (y) 



■^GpSL(2n,R)(f / ) 
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where the penultimate equlity sign is justified by observing that the coefficient group 
homomorphism iJ 1 (E 2ra (u*V r ); {—E)) —> iJ 1 (S 2 „(u* V); SA 2n ) —> H 1 {Y, 2n (v*V)\A 2n ) 
is injective. □ 

Let 7n(BZC) =7r i (BZC' PSL(2n>R) ) (2.47). 

4.25. Corollary. lim*(A(PSL(2n,R))‘ ?=0 ,7r;(B.ZC')) = 0 /or n>2 and i = 

1 , 2 . 

Proof. This is obvious for i = 2 as n 2 (BZC) = 0. For i = 1, use 2.69 to 
compute the limits of the functor 7Ti(i?ZC , )(F) = PSA 2 „ n ^ (4.24). The fixed- 
point group PSDlfff 1 = 0 since PSD 2n is an irreducible F 2 E 2n -module of dimension 
2n — 2 for n > 2. □ 


4.26. Lemma. Let V c Pt(SL) = Pf(SL(2n, R)) /4.4/ 6e a nontrivial subgroup 
representing an object of the category A(A 2n n(E 2 ?E n ), Pt{ SL)) = A(PSL(2n, R))- t,9=0 
('4.12/. P/ien 

^Cp S L(2n,R)(^) = Pt( 

where (A 2n fl (E 2 l E„))(F) is the point-wise stabilizer subgroup (2.68). 


Proof. The point-wise stabilizer subgroups are 


(4.27) (A 2n n (E 2 i E„))(V) = A 2n n E 2 „(C), E 2n (V) = EJ x E n (F) 

S n 

Because these stabilizer subgroup have these particular forms and PS A 2 / = Pt(SL), 
we get 


2'C'psL( 2n ,R)(^) = PSA^ n{v) = PSA^^ n{V) = Pt{SLf^ v) = Pt{ SL) A2 " n(E ? nE ’* (y)) 


from 4.24 □ 

4.28. Corollary. lim*(A(PSL(2n ) R))^ t '«=°,7r < (BZC)) = 0 for n > 2 and 
i = 1,2. 


Proof. Similar to 4.25 but using P 0 (A 2n n(E 2 ;E n );P£(SL)) = P°(E„; Pf(SL)) = 
0 . □ 


4.29. Lemma. Le£ F c t(PSL) = f(PSL(2n,R)) (4.4) be a nontrivial subgroup 
representing an object of the category A(A 2n n(E 2 ?E„), f(PSL)) = A(PSL(2?r, R))-* 
(4.12) where n> 82. Then 

ZC P SH 2 n,H)(V) = r( A -n(E 2 ;s„))(v) 

where T = T(PSL(2n,R)) is the discrete approximation [18, §3] to the maximal 
torus of PSL(2n, R) and (A 2n fl (E 2 l E„))(F) is the point-wise stabilizer subgroup 
ofV (2.68). 

Proof. Consider first the case where V C Pt( SL) C t(PSL). One checks that 
T A2n nsj _ p^(SL) for n > 2. Since (A 2n fl (E 2 l E n ))(V) D A 2n fl E£ we get 

ZC PS L(2n.R)(F) 4 = 6 Pt{ SL)( A2 " n ( S2iS »))( y ) = T(^n(E 2 ^))(V) 

in this case. 

Consider next the case where V*, the preimage of V in SL(2n, R), contains 
I (4.5) so that V* = (/, U) (4.8) for some (possibly trivial) elementary abelian 
2-group U C t(SL) C C' S l( 2 «,r)(C , 4 ) = GL(n, C). Then 

C , SL(2n,R)(V*)= n GL (V> C ), (S 2 l E n )(V*) = S n ({7) C A 2n 
peu v 

where i : t/ v —> Z records the multiplicity of the linear character p £ t/ v in the 
representation u*: U —> GL(n, C) and E„(t/) is point-wise stabilizer subgroup for 
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the action of £„ = W(GL(n, C)) on t(SL) = t(GL(n, C)) = (ei,...e n ). It now 
follows [47, 5.11] and 9.20, as in (4.15) and (4.17), that 


CpSL(2n,R)(^) 


A 2n D (Z 2 lZ n )(V) 


C'sL(2n,R) (Y*) 

CsL(2n,R) (Y*) 
(~E) 


x (Uf, x (ci---c n )) 


n odd 
n even 


£„([/) n odd 

Z, n (U) x {uy. x (ci • • • c n )) n even 


where U^» = {( e U y = Hom(C, (— E)) \ \/p € U w : i^ p = i p } can be realized 
as a subgroup of S n and (ci • • • c n ) is the diagonal order two subgroup of £ 2 . 
Consequently, if n is odd, 


^ jnGL(v,C)\ n^GL(i p ,C) T(SL(2n,R))^W 
zc P3H2 n,n){v ) - z ^ { _ E) ) - —— -<z^)- 

_ fv n (u) _ j,(A 2n n(s 2 (E n ))(y) 


and if n is even, 


ZC FSH2n ^){V) = z 

-( 


mG%,c) 


x (U„- x (cr • • -c„)) = 


V (~E) 

/T(SL(2n,R)) s ^ c/ ) N ^* X<Cl "' Cn> 


(-E) 

_ x(ci_ y(A 2n n(E 2 ;E n ))(V) 


^E n (C/)j 


V (--B) 

C/^H= x (ci---c„ 




9.14 m^GL(v,C)\^ 


where we use that H 1 (Y, n {U)\(—E)) —» R 1 (£„(£/); T(SL(2n,R))) is injective. (In 
fact, the center of the centralizer, ZC P sl( 2 ti,r)( 10 > is a product, f^AU ), 0 f 2- 
compact tori when n is odd, and a finite abelian group, j ,s **( c/ )x(c/ l/ » x<ci---c„)) _ 
(j’<ci-c„>)E n (c/)xc/, v , = i(pSL) Sn ( c/ i >< ^* when n is even.) □ 


Lemma 4.26 can also be proved along the lines of [47, 2.8] using 2.33. 

4.30. Corollary. lim*(A(PSL(2n, R))-*,7rj(RZC)) = 0 for n > 3 and i = 

1 , 2 . 

Proof. Similar to 4.25 but using that that H°(W; T)(PSL(2?i, R)) = 0 for 
n > 3 (4.3). □ 


As we shall next see, Corollaries 4.25, 4.28 and 4.30 reduce the problem of 
computing the graded abelian group lim*(A(PSL(2n, R)), ni(BZC)) considerably. 

Let A be a category containing two full subcategories, A ; , j = 1,2, such that 
any object of A with a morphism to an object of A, is an object of A j. Write 
Ai fl A 2 for the full subcategory with objects Ob(Ai H A 2 ) = Ob(Ai) flOb(A 2 ) and 
AiUA 2 for the full subcategory with objects Ob(A 1 UA 2 ) = Ob(Ai)UOb(A 2 ). Let 
M: A —> Ab be a functor taking values in abelian groups. Consider the subfunctor 
M \2 of M given by 

Mi 2 (o) = (° ° e °b(A 1 U A 2 ) 

v \M(a) «^Ob(AiUA 2 ) 

We now state a kind of Mayer-Vietoris sequence argument for cohomology of cate¬ 
gories. 

4.31. Lemma. If the graded abelian groups lim*(Ai,M), lim*(A 2 ,M), and 
lim*(Ai n A 2 , M) are trivial, then lim*(A, Mi 2 ) = lim*(A; M). 


X (c-l—Cn) 
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Proof. Consider also the subfunctor Mi of M given by 


Mi (a) = 



a £ Ob(Ai) 
a & Ob(Ai) 


Then there are natural transformations M12 —> M\ —> M of functors. The in¬ 
duced long exact sequences imply that it suffices to show lim*(A; M/M\) = 0 = 
lim*(A; M 1 /M 12 ). 

The quotient functor M/M-y vanishes outside A-| where it agrees with M and 
therefore [47, 13.12] lim*(A; M/Mi) = lim(Ai; M) which is trivial by assumption. 

The same argument applied to A 2 instead of A gives that lim*(A 2 ; M/M\) = 
lim(Ai n A 2 ; M). Since this abelian group is trivial by assumption, we have that 
lim*(A 2 ;Mi) = lim*(A 2 ;M). Also this abelian group is trivial by assumption. 

The quotient functor M 1 /M 12 vanishes outside Ai U A 2 where it agrees with 
Mi and therefore lim*(A; M 1 /M 12 ) = lim(Ai U A 2 ; Mi). Here, the functor Mi 
vanishes outside A 2 and hence lim(Ai U A- 2 \M{) = lim*(A 2 ;Mi). Since we just 
showed that this abelian group is trivial, we have that lim*(A; M 1 /M 12 ) =0. □ 


We conclude that 


lim* (A(PSL(2n,R)),7r J (BZC PSL(2 „.R))i2) = lim* (A(PSL(2n, R)), 7r,-(BZCps L( 2 n , R) )) 
where 7rj(HZC' PSL ( 2 „ i R))i2 is the subfunctor of nj(BZC PSL ( 2 n,n)) given by 


-ABZCrs^MV) - {! j(BZCpsL(2 „ Rl(v)) 

According to 4.10 we have 


V is toral or q(V) = 0 

V is nontoral and q(V) ^ 0 


V is nontoral and q(V) ^ 0 [V, V\ ^ 0 

for all elementary abelian 2-groups V in PSL(2?r, R). Thus the problem of com¬ 
puting the higher limits of the functors Tri{BZCpsL( 2 n ,n)) is concentrated on the 
full subcategory A(PSL(2?i, R))i ’ 1^° of A(PSL(2n,R)) generated by all elemen¬ 
tary abelian 2-groups V C PSL(2n, R) with nontrivial inner product. Note that 
if PSL(2n, R) contains an elementary abelian 2-group V with [V, V] ^ 0 then 
PSL(2n, R) in particular contains such a subgroup of rank two. The preimage 
in SL(2n, R) of rank two V C PSL(2?r, R) with nontrivial inner product is an ex¬ 
traspecial 2-group 2 l ± 2 with central Hi (4.8) so that, by real representation theory 
(9.5), n must be even. 


6. Higher limits of the functors T !; HZCpsL(4n.R) on A(PSL(4n,R))[-]*° 

In this section we compute the first higher limits of the functors 7r.jRZCpsL(4n,R), 
i = 1,2, by means of Oliver’s cochain complex [53]. 

4.32. Lemma, lim 1 TT 1 BZC PSL ^ n ^ ) = 0 = lim 2 7riHZC , p S L(4r,,R) and lim 2 7r 2 H^C , p S L(4 n .R) 
0 = lim 3 7T 2 I?^C , pgL(4 n ,R). 

The case i = 2 is easy. Since 7r 2 -B.ZCpsL(4n,,R) has value 0 on all objects 
of A(PSL( 4 n, R))I ’ 1^° of rank < 4 (4.54) it is immediate from Oliver’s cochain 
complex that lim 2 and lim 3 of this functor are trivial. 

We shall therefore now concentrate on the case i = 1. The claim of the above 
lemma is that Oliver’s cochain complex [53] 

( 4 . 33 ) 0 - n n n 

\P |=2 2 |U|=2 3 |E|=2 4 

is exact at objects of rank < 3. Here, as a matter of notational convention, 

[E] = HomA(PSL(4n,R))(E)(St(^), E) 
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stands for the F 2 -vector space of F 2 A(PSL(4n, R))(P)-module homomorphisms 
from the Steinberg module St (E) to E. The Steinberg module is the F 2 GL(P)- 
module obtained in the following way. 

Let P = F 2 ei +F 2 e 2 be a 2-dimensional vector space over F 2 with basis vectors 
ei, e 2 - Let F 2 [0] be the 3-dimensional F 2 -vector space on length zero flags, [L\. of 
nontrivial and proper subspaces L of P. The Steinberg module St(P) is the 2- 
dimensional kernel of the augmentation map d: F 2 [0] —> F 2 given by d[L\ = 1. 

Let V = F 2 ei +F 2 e 2 + F 2 e 3 be a 3-dimensional vector space over F 2 with basis 
vectors ei, e 2 , e^. Let F 2 [l] be the 21-dimensional F 2 -vector space on length one 
flags [P > L] of nontrivial and proper subspaces of V and F 2 [0] the 14-dimensional 
F 2 -vector space on all length 0 flags, [P] or [L], of nontrivial and proper subspaces 
of V. The Steinberg module St(F) over F 2 for V is the 2 3 -dimensional kernel of 
the linear map d: F 2 [l] —> F 2 [0] given by d[P > L] = [P] + [L\. 

4.34. Proposition. H + H+ and H- HE in A(PSL(4n, R). The auto¬ 
morphism, groups of the objects H + and H- ( 4.50 ) are 

A(PSL(4n, R )){H+) = 0+(2, F 2 ) “ C 2 , A(PSL(4n, R ))(#_) = 0~ (2, F 2 ) = GL(2, F 2 ), 

and the dimensions of the spaces of equivariant maps are 

dim[R + ] = 2, dim[R_] = 1 

Proof. The first part was proved in 4.50. The Quillen automorphismgroup 
A(SL(4?i,R))(2^+ 2 ) = A(GL(4n,R))(2^+ 2 ) = Out(2^+ 2 ) ^ 0 ± (2,F 2 ) where the 
isomorphism is induced by abelianization 2^_ +2 —> H± (9.4.(2), 9.4.(3), 9.5). Ac¬ 
cording to magma , dim[P + ] = 2 and dim[P_] = 1. □ 


The F 2 A(PSL(4n, R))(P+)-equivariant maps given by 


(4.35) 


f + [L\ = L, f 0 [L] = 


H 


MH+) 


q(L) = 0 
otherwise 


form a basis for the 2-dimensional space [H + ], The F2A(PSL(4?r, R))(P_)-equivariant 
map given by 


(4.36) f-[L] = L 

is a basis for the 1-dimensional space [//_]. 

The quadratic function (9.5) q(vi,v 2 , V 3 ) = vf +v 2 v 2 on Vo (4.51) has automor¬ 
phism group 

A 0 °\\ 

ll 1 1 j y C GL(3, F 2 ) 

of order 6. 


/A 0 0 

0{q) — Sp(2,F 2 ) = ( ( 1 1 1 

\ v° 1 0 


4.37. Proposition. Vo 7 ^ V® in A(PSL(4n, R)). The automorphism group 
A(PSL(4n, R))(Vo) = 0(q) and dim[Vo] = 4. 

Proof. See 9.4.(5) for the first part. According to magma, dim[Vo] =4. □ 

The four F2A(PSL(4n, R))(Vo)-module homomorphisms 
(4.38) {df + ,d/o,d/_,/o} 

given by 

pA(-P) p = H+,q( L )=Q 
0 otherwise 

V 0 MVo) [P,P]=0,q(L) = 0 
0 otherwise 


df + [P>L] = \ L P H t dfo[P>L} = \ 
I 0 otherwise [ 

df-[P > = {[' H : fo\P >L} = \ 

I 0 otherwise I 
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is a basis for [Vo]. 

The quadratic function on H + #L(i,2n — i) € Ob(A(PSL(4n, R))), 0 < i < n, 
q(vi, V 2 ,V 3 ) = V 1 V 2 , has automorphism group 



0+( 2,F 2 ) 
* 


/0 1 OWl 0 0\ /I 0 0\ \ 

1 0 0,0 1 0,0 1 0 ) 

\0 0 1/ \1 0 1/ \0 1 1/ / 


of order |0+(2,F 2 )| • 2 2 = 8. 

4.39. Proposition. H + #L(i,2n - i) ^ {H + #L(i, 2n - i)) D 
The Quillen automorphism group is 


A(PSL(4n, R )){H+#L(i, 2n - i)) = 

1 0(q) 


/ 0 

1 

°\ 

( 1 

0 


1 

0 

° , 

0 

1 

0 ) 

V° 

0 

1 J 

l 1 

1 



and the dimension of the space of equivariant maps is 

dim [H+#L(i, 2n-i)] = i.® \ ° dd 

I 6 i even 

Proof. i7 + #L(i, 2n — i) C PSL(4n, R) is (4.51) the quotient of 


i is even. 


i odd 

i even 


i 2 n—i 

G = (diag(R,..., i?), diag(T,... ,T),diag(—...,£)} = (31,^2,53) C SL( 4 ?r,R) 

The centralizer of G is GL( 4 n,R) is contained in the centralizer of its subgroup 
2 ]j _ +2 which is contained in SL( 4 ?r, R) ( 9 . 4 ). Observe that 

• R and T are conjugate in GL( 2 ,R) 

i 2 n—i 

• Conjugation with diag(T,..., T, E ,..., E) induces {gi,g 2 , 93) ^ {9 i93,92, 53) 

i 2 n—i 

• Conjugation with diag(R,..., R, E,..., E) induces {gi,g 2 ,93 ) ^ {91, 5253,53) 

• When i = n , conjugation with ^ ^ induces {gi,g 2 ,93) ^ {91,92, -93) 

Consider the automorphism groups 


A(SL(4n,R))(G) C A(GL(4n,R))(G) C Out(G) -> 0{q) C Aut{H + #L(i, 2n - *)) 


where the outer automorphism group has order 16. Note that the automorphism 
cf> is in the kernel of the homomorphism Out(G) —> 0{q) induced by abelianization 
G —» H + ffL{i, 2n — i). Using the above observations we see that A(GL(4?r, R))(G), 
even A(SL(4n, R))(G) for even i, maps onto 0(q ). Thus the Quillen automor¬ 
phism group A(GL(4n, R))(G) has order 8 or 16. When i = n the automor¬ 
phism </> is in A(GL(4n,R))(G), even in A(SL(4n,R))(G), and when i ^ n, cj> ^ 
A(GL(4n, R))(G) as it does not preserve trace. Thus 

|A(GL(4n, R))(G)| = 

In any case the group A(SL(4n, R))(G) equals the group A(GL(4n, R))(G) if and 
only if i is even. When i is odd, the automorphism <j> 1 is induced from a matrix 
of negative determinant so that Agl( 4 ti,r)(G) <f_ SL(4n,R). According to magma , 
dim [H+#L(i, 2n — *)] is 3 when i is even and 6 when i is odd. □ 


16 i = n 
8 i n 


The six F 2 A(PSL(4n, R )){H + ffL{i, 2n — i))-linear maps 
(4-40) {df+,df Q ,f 0 ,df°,dfg,tf} 
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given by 


df+[P > L] 


L P = H + 

0 otherwise 


df 0 [P > L] 


pMP) p = H+,q{L) = 0 
0 otherwise 


fo[P > L} 


vi [P, P] = 0, q(L) = 0 

0 otherwise 


is a basis for the 6-dimensional F 2 -vector space [H + ffL(i,2n — *)] for i odd and 
[H + #L(i,2n — i)] x [(H + #L(i, 2n — i)) D ] for i even. Here, v\ is one of the two 
non-zero vectors of U A d 1 that are not D-invariant when i is odd and the nonzero 
vector of U A ^'d when i is even where V = H+#L(i, 2n — i). 

The quadratic function on n—i) € Ob(A(PSL(4n, R))), 1 < i < [n/2], 

q(vi,V 2 , V 3 ) = vf + V 1 V 2 + t’ 2 , has automorphism group 



0 ~( 2 ,F 2 ) 

0 


of order |0“(2,F 2 )| • 2 2 = 24. 


4.41. Proposition. H_#L(i,n - i) ^ (H-#L(i,n - i)) D for all n>2. The 
Quillen automorphism group A(PSL(4n, R))(ff_#L(i, n — «)) = O(q) has order 24 
and the dimension of the space of equivariant maps is dim [H_ffL(i,n — *)] = 1. 

Proof. H_ffL[i, n — i) C PSL(4n, R) is the quotient of 



The centralizer of G in GL(4n, R) is contained in the centralizer of its subgroup 
2^ +2 which is contained in SL(4n, R) (9.4). Observe that 

. A(SL(4, R))(2)_ +2 ) = 0{q) 

i n—i 

• Conjugation with diag ( (j } ,..., ^ , • • •, ^ ) 

induces the automorphism ( 31 , 52 , 53 ) ^ ( 3153 , 32 , 33 ) 


. Conjugation with diag ( (* °) , • • •, ( q ° r ) ’ ( 0 s) ’ ‘ ‘' ’ (0 l) ) 

induces the automorphism (31,32,33) ^ (31,5233,33) 

• Wheni = n/ 2 , conjugation with ^ ^ induces (31,32,33) ^ (31,32, -33) 

Consider the automorphism groups 


A(SL(4n,R))(G) C A(GL(4n,R))(G) C Out(G) -> O(q) C Aut (H-#L(i,n-i)) 


where the outer automorphism group has order 48. Note that the automorphism 
<f> is in the kernel of the homomorphism Out(G) —> O(q) induced by abelianization 
G —> H_ffL{i,n — i). Using the above observations we see that A(SL(4n,R))(G) 
maps onto 0{q). Thus the Quillen automorphism group A(GL(4n, R))(G) has order 
48 or 24. When n is even and i — n/2 the automorphism </> is in A(SL(4n,R))(G) 
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and when i < n/2, (f) is not in A(GL(4n, R))(G) as it does not preserve trace. Thus 
|A(GL,4„,R))( G )| = {« 

In any case, the group A(SL(4n, R))(G) equals A(GL(4n, R))(G) so that n— 

i) ^ — i)) D (9-2). According to magma , dim [H-#L(i,n — *)] = 1. □ 


The F2A(PSL(4n, R ))(H-#L(i, n — i))-linear map 
(4.42) {#_} 


given by 


df-[P>L\ 


L P = H_ 

0 otherwise 


is a basis for the 1-dimensional F 2 -vector space [H-j/L{i,n — *)]. 

The quadratic function q{v\,V 2 ,Vz,Vi) = vf + V 2 V 3 has automorphism group 


°<">=( Sp( o F2) ;)■ 

of order 48. 


Sp(2,F 2 ) 


/1 0 0\ /I 0 0\ \ 

1 1 1,1 1 1 )cGL(3,F 2 ) 

\0 1 0 / \0 0 1 // 


4.43. Proposition. The 4-dimensional object Vofi=L(i,n — i), 1 < i < [n/2], of 
the category A(PSL(4?r, R)) satisfies Vo#L(i,n—i) (VofiL(i,n—i)) D . It contains 
the objects objects Vo, H + ffL(2i,2n — 2%), and H_f/L(i,n — i). The automorphism 
group A(PSL(4n,R))(Vo#L(i,n — *)) = 0(q) and the dimension of the space of 
equivariant maps is dim [Vo #L(i,n — i)] = 5. 

Proof. Vo #L(i, n — i) c PSL(4n, R) is (9.7) the quotient of 


G = 2^+ 2 o 4 x 2 = 






0 r) ) ’ dia ® 





l 




0 

T 


The centralizer of G in GL(4n, R) is contained in the centralizer of its subgroup 
2/ +2 which is contained in SL(4n, R) (9.4). Observe that 

• A(SL(4,R))(2^+ 2 o4) = Out(G) “ Out(G 4 ) x Sp(2,F 2 ) (9.4) 



induces the automorphism (31,32,33,34) ^ {9i9i, 32,33,34) 


• Conjugation with diag ( ^ ,..., ^ t) ’ ( 0 ' ■’ (0 e) ) 

induces the automorphism ( 31 , 32 , 33 , 34 ) ^ ( 31 , 5234 , 33 , 34 ) 


. Conjugation with diag ( (* ° ) , • • •, (q £) > (f s) ’ ‘‘ ’ (0 s) ) 

induces the automorphism ( 31 , 32 , 33 , 34 ) ( 31 , 32 , 3334 , 34 ) 
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Conjugation with diag 


phism ( 31 , 32 , 53 , 34 ) 


<t> 4 


When i = n/2, conjugation with 


0 E 
E 0 

(- 31 , 52 , 3334 ) 

0 E 


0 E 
E 0 


induces the automor- 


E 0 


€ SL(4n, R) induces the auto¬ 


morphism ( 31 , 32 , 33 , 34 ) ( 31 , 32 , 33 ,- 34 ) 


Consider the automorphism groups 


A(SL(4n,R))(G) C A(GL(4n,R))(G) C Out(G) -► 0{q) C Aut (V 0 #L(i,n-i)) 

where the outer automorphism group has order 196 and 0(q) order 48. Note that the 
automorphism <f >4 of order 2 is in the kernel of the homomorphism Out(G) —> O(q) 
induced by abelianization G —+ Vo#L(i,n — i). Using the above observations we 
see that A(SL(4n, R))(G) maps onto O(q) with a kernel of order at least 2. Thus 
the Quillen automorphism group A(GL(4n, R))(G) has order 192 or 96. When n is 
even and i = n/2 the automorphism </>5 is in A(SL(4n,R))(G) and when i < n/2, 
</>5 is not in A(GL(4n, R))(G) as it does not preserve trace. Thus 


|A(GL(4„.R),, G )| = {“ 2 ; = ^ 

In any case, the group A(SL(4n, R))(G) equals A(GL(4n, R))(G) so that Vo #L(i,n— 
i) 7 ^ (Vo#L(i,n — i)) D (9.2). According to magma, dim[Vo f/L(i,n — *)] =5. □ 


The five F 2 A(PSL(4n,R))(Vo#T(i,n — *))-linear maps 
(4.44) {ddf -^-L(2i,2n—2i) , ddfQL(2i,2n—2i) , ^/t)L(2i,2rt—2i), L(j,n— i) , dfoy 0 } 

given by 


ddf + L(2i,2n-2i) W > P > L] — 


ddfoL(2i,2n-2i)\y > P > L\ — 


L V = H+#L(2i,2n-2i),P = H+ 

0 otherwise 

V 

f P A(P) y = H + #L(2i, 2n - 2i), P = H+, q(L) = 0 
I 0 otherwise 


> p > L] - (f v = ff+#t<2i ' 2 - 2i) '^ =MU -» 

I 0 otherwise 


ddf- L ^ n -i) [V > P> L\ = 

dfov 0 [V > P > L] = 


I L V = H_#L{i,n-i),P = H_ 

[ 0 otherwise 

f> A W) F = U 0 ,[P,P]= 0,<?(L) = 0 

I 0 otherwise 


constitute a basis for \Vo#L(i, n — i)]. 

4.45. Lemma. The 4- dimensional object H + fj=P(l,i — l,2n — i,0), 2 < i < 
n, of the category A(PSL(4n, R)), n > 2, satisfies H + f/P(l,i — 1,2n — i,0) = 
(H + #P(l,i — 1,2n — i, 0)) D . It contains the 3-dimensional objects 

f L(l, 2n — 1), L(i —1,2 n — i + 1), L(i — 1,2 n — i+ 1 ) D ,L(i, 2n — i) i odd 
+ 1 L(l, 2n — 1), L(i —1,2 n — i + 1), L(i, 2n — i),L(i, 2n — i) D 


1 even 
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Its Quillen automorphism group is 


A(PSL(4n, R))(P+#P(1, i - 1,2n - i, 0)) = 



(0 

1 

0 

A 


A 

0 

1 

A 


(1 

0 

0 

A 


(1 

0 

1 

A 

[ 

1 

0 

0 

0 


0 

1 

0 

0 


0 

1 

1 

0 


0 

1 

1 

1 

\ 

0 

0 

1 

0 

? 

0 

0 

1 

0 


0 

0 

1 

0 


0 

0 

1 

0 


\0 

0 

0 

V 


\0 

0 

0 

V 


\0 

0 

0 

V 


v> 

0 

0 

1 / 


(0 

1 

0 

0\ 


(l 

0 

0 

A 


(1 

0 

0 

A 


(1 

0 

1 

A 

[ 

1 

0 

0 

0 


0 

1 

0 

0 


0 

1 

0 

1 


0 

1 

1 

1 

\ 

0 

0 

1 

0 

5 

0 

0 

1 

0 

5 

0 

0 

1 

0 

? 

0 

0 

1 

0 

< 

\0 

0 

0 

V 


\0 

0 

0 

V 


v> 

0 

0 

V 


\o 

0 

0 

1 / 


i > 2 odd 


i > 2 even 


of order 16. The space of equivariant maps has dimension dim[H + ffP(l, i—l,2n — 
i, 0)] = 16. 

Proof. H+#P( 1, i — 1,2 n — i) C PSL(4n, R) is (4.52) the quotient of 


G = (diag(P,..., R), diag(T,..., T), 

2 — 1 2n—i 2—1 2n—i 

diag(P, -P,..., -P, E,...,E), diag(P, E,...,E, —P,..., -P)} = ( 51 , 52 ,53, 54 ) C SL(4n, R) 

The centralizer of G in GL(4n, R) is contained in the centralizer of its subgroup 
2i + which is contained in SL(4n, R) (9.4). This means (9.3) that the elements of 
A(GL(4n, R))(G) and A(PGL(4n, R))(R + #P(1, i— 1,2 n—i, 0)) have a well-defined 

sign. The Quillen automorphism group is contained in the group 

of order 2 5 = 32. Observe that 

• R and T are conjugate in GL(2, R) so that ( 51 , 52 , 53 , 54 ) ^ ( 52 ,5i, 53, 54 ) 
is in the Quillen automorphism group and has sign +1 

2—1 2n— 2 

• Conjugation with diag (E,E,..., E,T,... ,T) induces ( 51 , 52 , 53 , 54 ) 

(5154.52.53.54) of sign (-1) 1 

2—1 2n —2 

• Conjugation with diag(P, T,... ,T, E,..., E) induces ( 51 , 52 , 53 , 54 ) ^ 

(5153.52.53.54) of sign -(-1)* 

2—1 2n—i 

• Conjugation with diag (E, E,..., E, R,..,, R) induces ( 51 , 52 , 53 , 54 ) 

(51.5254.53.54) of sign (-1)* 

2—1 2n—i 

• Conjugation with diag(P, R ,..., P, E ,..., E) induces ( 5153 , 52 , 53 , 54 ) -A-> 

( 51 .5253.53. 54 ) of sign -(-1)* 

2—1 2n —2 

• Conjugation with diag(P, RT ,..., PT, RT ,..., PT) induces the automor¬ 
phism given by ( 51 , 52 ,53, 54 ) ^ (515354,525354,53, 54 ) of sign +1. 

It follows that IVGL( 4 n,R) (G) fL SL(4n, R) as this normalizer contains elements of 
negative determinant regardless of the parity of i. Also, A(PSL(4n, R))(.ff + #P(1, i— 

1,2n — i, 0)) is generated by (the automorphisms induced by) <^ 1 , </> 2 , <f> 4 , and 4 >6 
when i is even, and <f>i, fo, <p 5 , and <pe when i is odd. □ 


/0+(2,F 2 ) A 

V 0 E ) 
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The fourteen F 2 A(PSL(4?r, R))(P + #P(1, i — l,2n— l))-linear maps 


(4.46) {ddf +L{i _ l,2n—i+1) 5 ddf +L(i— l,2n—i+1) ’ l,2n—i+1) ? ^/oL(z—l,2n—i+10) > 

dfoL(i- l,2n-i+l) i ^/oL(i-l,2n-i+l) > 

ddf +L{ i,2n—i) 5 i,2n-i) > ddf0L(i,2n-i) > > dfoL( dfoL( i,2n-i)> 

dfoL(l,2n—l) •> ^/oi(l,2n-l)} 

form a partial basis for the 16-dimensional vector space [i/+#P(l,i — l,2n — 1)], 
2 < i < n. For 1 < i < n and i odd, 


^/+L(j,2ra-i)[^ > F > T] 
^L«,2n-i)[^ > P ^ 

ddfoL(i t 2n—i) [V > P > L\ 


ddf^n^V > P > L\ 

dfoiL(i,2n-i)W > P > L\ 

dtf 1L{ i,2n-i)[V > P > L\ 


L 

V = 

H + #L(i, 2n — i),P 

= H+ 



0 

otherwise 




L 

V = 

H+#L(i,2n-i),P 

= H? 



0 

otherwise 




P A(P) 

V = H+#L{i , 2?i - 

i),P = 

H + , 

►o 

II 

o 

0 


otherwise 




pA(P) 

V = H+#L{i, 2n - 

i),P = 

-H? 

II 

o 

0 


otherwise 




Fi 

lOi 

V = H + #L(i,2n- 

i), [P, 

P} = 

o ,q(L) = 

0 


otherwise 




Vi 

~l0 2 

V = H + #L(i, 2n — 

■ i), [P, 

P} = 

0 ,q(L) = 


otherwise 


where (in the last two formulas), 0\ and 0 2 are the two orbits of length 2 for the 
action of A(PSL(4n, R))(ff+#P( 1 , * — 1 , 2n — i, 0)) on H+#P(1, i — 1, 2n — i, 0). 
Each of the hyperplanes isomorphic to V = H + ffL(i, 2n — i ) contains precisely one 
vector xi\ from 0\ and one vector u 2 from 0 2 and {fi,f 2 } is a basis for the fixed 
point group yA(PSL(4n,R))(v)_ For 1 < i < n and i even, 


ddf +L (i t 2n~i) [V > P> L] 
ddf+ L (i t 2n-i) W > P > L\ 
ddfoL(i,2n—i) [V > P > L\ 
ddf^2n-i)[V >P>L] 


dfoL(i,2n—i) \Y > P > P\ 


df^2n-i)[V > P > L\ 


I L V = H+#L(i,2n-i),P = H + 

[ 0 otherwise 

[L V = (H + #L(i,2n~i)) D ,P = (H + ) D 
1 0 otherwise 

f P A(P) y = n + #L(i, 2n — i),P = H+,q(L) = 0 
1 0 otherwise 

f P MP) V = (H+#L(i, 2n - i)) D ,P = (H + ) D , q{L) = 0 
1 0 otherwise 

r V A(V) Y = H+#L(i, 2n - i), [P, P] = 0, q(L) = 0 
1 0 otherwise 

|FA(V) y = (ff+#i(i} 2n _ i))D t [P) P] = 0, q (L) = 0 
I 0 otherwise 


4.47. Lemma. The 4 -dimensional object H+#P(1, 1,2,0) of the category A(PSL( 8 , R)) 
satisfies H + ffP(l, 1, 2, 0) = (H+#P( 1,1, 2,0)) D . It contains the 3-dimensional ob¬ 
jects 


H+#L{ 1,3), H + #L{ 2, 2), (P+#P(2, 2))° 
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Its Quillen automorphism group is 
A(PSL(8,R))(P + #P(1, 1,2,0)) = 



/ 0 

1 

0 

0\ 


(\ 

0 

0 

A 


(1 

0 

0 

o\ 


(1 

0 

1 

A 


(1 

0 

0 

°\ 

/ 

1 

0 

0 

0 


0 

1 

0 

0 


0 

1 

0 

1 


0 

1 

1 

1 


0 

1 

0 

0 

\ 

0 

0 

1 

0 

5 

0 

0 

1 

0 

> 

0 

0 

1 

0 

5 

0 

0 

1 

0 

> 

0 

0 

1 

1 


^0 

0 

0 

V 


^0 

0 

0 

V 


^0 

0 

0 

V 


^0 

0 

0 

V 


^0 

0 

0 

V 


of order 32, and dim[H + ffP(l, i — 1,2n — i, 0)] = 8. 

Proof. The proof is similar to that of 4.45. H + ffP{ 1,1,2,0) C PSL(8, R) is 
the quotient of 

G = (diag(P, R, R, R), diag(T, T, T, T), diag(P, -E, E, E), diag(P, E, -E, -E)) C SL(8, R) 
The extra element of A(PSL(8, R))(P+#P(1,1, 2,0)) is induced by conjugation 


with the matrix diag 


0 E 
k E 0 

dim[P+#P(l, 1,2,0)] = 8. 


E 0 
0 E 


€ SL(8,R). According to magma , 

□ 


The eight F 2 A(PSL(8, R))(P + #P(1,1, 2,0))-linear maps 
(4.48) 

{ddf+L(2,2)i ddf+ L (2,2)’ ddfoL(2,2)i ddfoL(2 ,2)> ^/oL(2,2), dfoL(2,2)i ^/oiL(l,3)) c (foiL(l,3)} 


is a basis for the vector space [H + #P(1, 1,2,0)]. 

We are now ready to describe the differentials d 1 and d 2 in Oliver’s cochain 
complex (4.33) for computing the limits of the functor 7ri(PZC , pg L ( 4rl , R ) (V)) = V 
on the category A(PSL(4n, R)). The 6 x (6n + 2[n/2] + 8) matrix for d 1 is of the 
following form (shown here for n = 3) 



[H+#L{ 1,5)] 

[P+#P(2,4)] x [P + #P(2,4)] D 

H+#L{ 3,3) 

[H+] 

M 01 

M 0) 

M 01 

[H + ] D 

(0 A) 

(o aJ 

(o A 

[H-] 




[H-] D 





1)] x [P_#L( 1, 1)] D [Pol x [V 0 ] D 


( 

H O' 

) 

[H+] 

( 

V) H { 

) 

[H + ]° 

(1 0) 1 

[B oj 

II 

[H-] 

(0 1) 1 

(0 B ) 

1 

[H-] D 


where 


A = 


1 

0 

°), 

H= 1 

0 

0 

°) 

Vo 

1 

0 ’ 

Vo 

i 

0 

0 


B=( 0 0 1 0) 


is injective so lim 1 = 0. Exactness is thus equivalent to 


dim(im d 2 ) > 6 n + 2[n/2] + 2 


We shall show this by mapping the n + [n/2] + 2[n/2] + 2 objects of dimension 3, 


H + #L(i, 2n — i), (H + #L(i, 2 n — i)) D (i even), 1 < i < n, 

H-#L(i,n — i), (H_#L(i,n — i)) D , 1 < i < [n/2]* V 0 ,V 0 D , 

of A(PSL(4n, R)) to the n — 2 + 2[n/2] objects of dimension 4, 

if+#P(l, i— 1,2n— i, 0), 2 < i < n, Vo#L(n—i, i), (Vo#L(n—i, i)) D , 1 < i < [n/2], 

for n > 2 and to 

P+#P(1,1,2,0), P 0 #AM), (V 0 #L(1 : 1)) d 
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when n = 2. The (6n + 2[n/2] + 8) x (16(n — 2) + 10[?r/2])-matrix for d 2 (shown 
here for n = 5) is 



[#+##(1, 2 , 7)] 

[#+##(1,3,6)] 

[#+##(1,4,5)] 

[#+#£(1,9)] 

{A A B ) 

{A A B) 

{A A B ) 

[#+#£(2,8)] x [R + #L(2,8)p 

(E 0 0) 



[#+#£(3,7)] 

(0 E 0) 

(E 0 0) 


[#+#£(4,6)] x [R + #L(4,6)p 


(0 E 0) 

(E 0 0) 

[#+#£(5,5)] 



(0 E 0) 

[#-#£(1,4)] x [R_#L(l,4)p 




[#-#£(2,3)] x [R_#L(2,3)p 




[Vo] x [V 0 ] D 





[V 0 #£(l,4)] [P 0 #L(l,4)p [V 0 #£(2,3)] [Vp#£(2,3)] 


D 


[#+#£(1,9)] 

[#+#£(2,8)] x [R + #L(2,8)p 
[#+#£(3,7)] 

[#+#£(4,6)] x [H + #L( 4,6)p 
[#+#£(5,5)] 

[#-#£(1,4)] X [R_#L(l,4)p 
[#-#£(2,3)] x [ff_#L(2,3)p 
[Vo] x [y 0 p 


where 


(1 

0 

0 

0 

0 

0\ 



(0 

0 

0 

0\ 







0 

1 

0 

0 

0 

0 



0 

0 

0 

0 


A 

0 

0 

0 

°\ 

0 

0 

1 

0 

0 

0 

TD . 


0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

5 -D - 


0 

0 

0 

0 

> K — 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 



1 

0 

0 

0 



0 

0 

0 

V 

\0 

0 

0 

0 

0 

V 



\* 

1 

0 

<V 













A 

0 

0 

0 

ON 














H = 0 

1 

0 

0 

0 

1 ? 

L = (0 

0 

0 

1 

0) 








\0 

0 

1 

0 

Oy 







while i? is (6 x 6) unit matrix and 0 a zero matrix. These matrices are given with 
respect to the bases (4.38, 4.40, 4.42, 4.46, 4.44). 

The case n = 2 of PSL(8, R) is special. Part of the matrix for d 2 is the (22 x 18)- 
matrix 


[ff+#P(l, 1,2,0)] [Vq#£(1, 1)] 


p-Bj- 

( E °) 


[#+#£(1,3)] 

[#+#£(2, 2)] x [H + #L( 2,2)]° 
[#-#£(1,1)] x [#_#£(l,l)p 
[Vo] x [V 0 } D 


[Vq#£(1, i)P 
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where now 

(° °\ 

0 0 


while E is 6 x 6 unit matrix and 0 a zero matrix. As (partial) bases we use the 
ordered sets (4.40, 4.42, 4.38, 4.48, 4.44, 4.40). This matrix has rank 16. 

4.49. Corollary. The partial differential 

II [H+#L(i,2n-i)]x n [H+ffL(i,2n-i)}x[H + ffL(i,2n-i)] D 

1 < i < n 1 < i < n 

i odd i even 

x H [H-#L(i, n — i)\ x [H-#L{i, n - i)] D x [V 0 ] x [P 0 ] D 
l<*<["/2] 

^ H [R + #P(l,i-l,2n-*,0)]x n [Vo#L(i,n-i)} 

2 <i<n l<»<[n/2] 

has rank 6n + 2[n/2] + 2. 

Proof. By now we know a matrix for this linear map so we simply check its 
rank. □ 

Proof OF Lemma 4.32. For 772 use that it is trivial on the objects with [,] ^ 
0. ' □ 


7. The category A (PSL(4n, R ))<4 

We shall need information about all objects of A(PSL(4n, R))I ’ 1^° of rank 
< 3 and some objects of rank 4. If V C PSL(4n, R) is a nontoral elementary 
abelian 2-group with nontrivial inner product then its preimage V* C SL(4n, R) is 
P x R(V) or (C4 oP) x R(V) where P is an extraspecial 2-group, C40P a general¬ 
ized extraspecial 2-group, and Ui(V*) = {—E) (4.8). We manufacture all oriented 
real representations of these product groups as direct sums of tensor products of 
irreducible representations of the factors (9.6). 

4.50. Rank two objects with nontrivial inner product. The category 
A(PSL(4n,R)) contains up to isomorphism four rank two objects with nontrivial 
inner product, H± and H±. The elementary abelian 2-group H± C PSL(4n,R) is 
the quotient of the extraspecial 2-group 2^_ +2 C SL(4n,R) with I3i(2) t +2 ) = {—E) 
described in 9.4.(6) and 9.4.(7). Their centralizers [54, Proposition 4] in SL(4?i, R) 
and PSL(4?r, R) are 

C S L(4n.R)(2}. +2 ) = GL(2n, R), C P sl( 4 „.r)(^+) = H + x PGL(2n,R) = P+ x (PSL(2n,R) x C 2 ) 

G S L(4n,R)(2i +2 ) = GL(n, H), <7p S L(4n,R)(^-) = H. x PGL(n, H) 

where H + and H _ are hyperbolic planes with quadratic functions q+{vi,v 2 ) = V\v 2 
and q~{vi,v 2 ) = vf + v\v 2 + v\ (9.5), respectively. In the first case, for instance, 
the commutative diagram 

1-PGL(2n, R)->■ C , psL(4n.R) (H+) -^ H+ -^ 0 



H+ 
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gives a central section of the short exact sequence from [47, 5.11]. 

4.51. Rank three objects with nontrivial inner product. Let V be a 

rank three object of A(PSL(4?i, R)) with nontrivial inner product. Then V or V D 
is isomorphic to H + #L(i, 2n — i) (1 < i < n), n — i) (1 < i < [n/2]) or 

Vq. H + #L(i, 2 n — *) C PSL(4n, R) is defined to be the quotient of 


(diag(R, diag (T,..., T),di&g(—E,-E, E, ...,E)) C SL(4n, R), 


R = 


1 0 
0 -1 


T = 


0 1 
1 0 


isomorphic to 2 ^ +2 x C 2 and n — i) C PSL(4?r, R) to be the quotient of 



isomorphic to 2_ 2 x C 2 . The elementary abelian 2-group Vo C PSL(4?r, R) is the 
quotient of 


( diag ((o B))' di “ g ((o ?)’-•(0 r))' 

Mi* f)--(* "))> 

isomorphic to the generalized extraspecial 2-group C 4 o 2^ C SL(4n, R) as de¬ 
scribed in 9.4.(5). 


4.52. Rank four objects with nontrivial inner product. The following 
partial census of rank four objects with nontrivial inner product suffices for our pur¬ 
poses. Define the elementary abelian 2-group H + #P(1, i— 1, 2n — i) C PSL(4n,R), 
2 < i < n, to be the quotient of 

( diag(R, diag (T,..., T), 

i— 1 2 n—i i— 1 2 n—i 

diag(.E, —E ,..., —E, E,..., E),di&g(E, E,..., E,'—E ,.?., —E)) C SL(4n, R) 
Define Vq #L{i, n—i) C PSL(4?r, R), 1 < i < [n/2], to be the quotient of 


diag 






(T O' 
\° T 


7 diag 








C SL(4n, R) 


isomorphic to C 4 o 2±~ 2 x Ci- 
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4.53. Centers of centralizers. For the computations in §6 we need to know 

the centers of the centralizers for some of the low dimensional objects of A(PSL(4n, R))[ ’ 1^°. 

4.54. Proposition. Let V e Ob(A(PSL(4n, R))[’^°) be one of the objects 

• H + , H_, 

• H + #L(i, 2n — i) (1 < i < n), n — i) (1 < i < [n/2\), Vq, or 

• H + fj=P( 1, i — 1,2n — i, 0) (1 < i < n), Vo#L(i, n — i) fl < i < [n/2\) 

introduced in 4.50^.52. Then ZCpsl( 4 u ,r) (V) = V. 


Proof. The proof is a case-by-case checking. 

H + and R_ Since the centralizers of the rank two objects H + and are Gpsl( 4 »i,R) (R+) = 
H + x PGL(2n,R) and GpsL( 4 n,R)(-H-) = H- x PGL(n,H), Proposition 4.54 is im¬ 
mediate in these cases. 

H+#L(i, 2n — i) (1 < i < n) and H + #P( 1, i — 1, 2 n — i, 0) (1 < i < n) We shall only 
prove the 2-dimensional case since the 3-dimensional case is similar. The central¬ 
izer of H + ffL(i,2n — i) is isomorphic to the product of H + with the centralizer of 
L = L(i,2n — i) in PGL(2n,R). There is [47, 5.11] a short exact sequence 


GL(*, R) x GL(2?r 


i, R) 


CpGL( 2 ra,R) (L) —> Hom(L, (— E))p —> 1 


where the group to the right consists of all homomorphisms <f>: L —» (-E) such that 
p and <fi ■ p are conjugate representations in GL(2n,R). By trace considerations, 
this group is trivial if i < n and of order two if i = n. Hence 

( GL(i.R)xGL(2n-i,R) j < n 

CpGL, U )W = {o ]j Jt (Cl) i = n 


where C\ 


0 

E 


E 

0 


is the (2 n x 2n)-matrix that interchanges the two GL(n, R)- 


factors. In case i < n, use 9.18. In case i = n, the center is (9.13) the pull-back of 
the group homomorphisms 


GL(n, R) x ((E,-E)) = / GL(n,R) 2 \ <Cl> ^ ^ / GL(n,R) 2 \ ^ 

(-E) V ( ~E) J V (~E) J 


which is GL ( 1,R PW E - E )) _ ^ again. 

Vo and Vo#L(i, n — i) The object Vo C PSL(4n, R) is the quotient of G = 4o2) t +2 C 
SL(4n, R) as described in 9.4.(5). As this representation p = n(x + x) is the ?r-fold 
sum of an irreducible representation of complex type there are exact sequences 


1-- - - C , PSL(4n ,R)(Vo)- - Hom(G, {-E)) p - - 1 

1->■ Z(G)/G' - G/G' -^ G/Z{G) -^ 1 


where the top row is [47, 5.11]. The elementary abelian group Hom(G, (— E)) p , 
consisting of all homomorphisms <f>: G —> (-E) such that p and (f> ■ p are conjugate 
in SL(4n, R), equals all of Hom(G, (-E)) = 2? since conjugation with the first two 
of the generators from 4.51 and with 

C2 = diag ((o -e) ’•••’(? °e)) 

induce three independent generators. Hence 

Cpsl( 4 „,R)(Fo) = ( G ^ C) X Vo/V^ X (G 2 ) 
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Note that conjugation with the matrix G 2 induces complex conjugation on GL(n, C). 
The center of this semi-direct product is (9.13) the pull-back of the group homo- 
morphisms 


GL(n, R) o (i) 

Fe) 


xVo/Vo 1 - 


( GL(n, C) 

V (-E) 


\ <c 2 > 

x Vq/V^ ) —> Aut 


/GL(n,C) 

V (-E) 


x Vo/V^ 


which is GL( ( !lg o(i> X Vo/Vq- = J|x Vo/vi; = Vo. 

The case of Vb#T(*,n — *), 1 < * < [n/2], is quite similar. The centralizer is 

CpSL(4n,R)(Vo#i(i,n-*)) = ^ GL (^ C )^GL(n^ 7,C) x x (c , 2) 

and its center is the pull-back of the homomorphisms 


(GL(i,R) x GL(n-i,R))o(i) 


(■ ~E ) 


( GL(i, C) x GL(n - i, C) x x 


Aut 


<-£> 

GL(i,C) x GL(n — i, C) 


(-■B) 


x V 0 /V <- <C 2 


which is ZC PSU4n ^(V 0 #L(i,n - i)) = (gl(i,R)x_gl(i,R))o W x y o/v ± = 2 2 x 

= V 0 xL. 

If n is even and i = n/2, there is a short exact sequence 

1 C 'pSL( 4 n,R)(^o xL)-> Hom(G x L, {-E)) p - 1 

where the elementary abelian group to the right is all of Hom(G x L,(-E)) = 2 4 . 
Hence the centralizer 

CpSL(4r!,R)(Vo X L) = ^- (-E) ^ * ^o/vAj * (Gl,G2) 


where G 2 is as above and Gi is the (4n x 4n)-matrix 


0 E 
E 0 

GL(fi,C 


. The matrix G 2 


commutes with Vo/Vq and acts as complex conjugation on 'Ce) • The ma tHx 
Ci commutes with Vo/V/ x and switches the two factors of GL(n, C) 2 . The center 
of the centralizer is the pull-back of the group homomorphisms 


GL(ra,R)o<i) x ((E,-E)) 

Fe) 


x Vo/Vj- = 


Aut 


GL(n, C) 2 
(~E) 

GL(n, C) 2 
(~E) 


\ <Ci,C 2 ) 

X Vo/V^j 

x Vo/vA <- (G 1; G 2 ) 


{ ~E) 


x H 0 /H 0 X = 2 2 x y 0 /H 0 x = 


which is ^G PS L( 4 »i,R)(V r o x L) = 

Ho x L. 

H-#L(i, n — i) As above we have that 

j cWM,H) xi? _ i<[»/2] 

PSL(4n,R)( X j GLVg)- x ^ xH _ n even and { = n / 2 

with center 2 fGpsL( 4 ra,R) {H- x L) = gl (i.R/*XjL(i.R) = 2 x H = x L in case 
* 7 ^ n — i. If n is even and i = n/2, then the center is the pull-back of the group 
homomorphisms 

GL(i, H) X <(-£, E)) x H _ = GLQ H )» x H _ ^ Aut x 


<-£> " (-£> 
which is ZG PS L( 4 n : R)(-ff- X L) = 


V <-B> 


(Ci 


- GL ( LR )x(M,g)> x ff_ = 2 x H_ = x L. □ 



CHAPTER 5 


The B-family 


The R-family consists of the matrix groups 

SL(2n + 1, R), n> 2, 

of real (2 n + 1) x (2 n + 1) matrices of determinant +1. When n = 1 we obtain the 
2-compact group SL(3,R) = PGL(2, C) considered in Chapter 3. The embedding 

GL(2n,R)^SL(2n + l,R): A —> 

permits us to consider GL(2n,R) as a maximal rank subgroup of SL(2?r + 1,R). 
The maximal torus normalizer for the subgroup GL(2n, R) is also the maximal torus 
normalizer for SL(2n + 1,R), 7V(SL(2?i+ 1,R)) = A(GL(2?i, R) (4.1), so that, in 
particular, the Weyl group fF(SL(2n + 1, R)) = IT(GL(2n, R)) = E 2 l E„ (4.2). 

It is known that [35, 1.6] [24, Main Theorem] 

H°(W; T) = Z/2, H X {W-, T) = 

for these groups. 

The full general linear group GL(2?i + 1,R) = SL(2n + 1,R) x (— E) is the 
direct product of SL(2n + 1,R) with the opposite of the identity matrix so that 
PGL(2?r + 1, R) = SL(2?r + 1, R). 

1. The structure of SL(2?r+ 1,R) 

Consider the elementary abelian 2-groups 
^2n+l (diag(±l,..., ±1)) C GL(2n+l,R) 

S'A2n+i = SL(2?z + 1, R) n A 2 n+i C SL(2?r -I-1, R) 

t = t(SL(2n + 1, R)) = A 2n+1 n T(SL(2n + 1, R)) = (ei,..., e n ) C T(SL(2?i + 1, R)) 
in GL(2?r + 1, R) and SL(2?i + 1, R). 

5.1. Lemma. The inclusion functors 

A(E 2n+1 , A 2n+1 ) - A(GL(2n + 1, R)), A(E 2n+1 , SA 2n+1 ) - A(SL(2n + 1, R)), 

A(E 2 l E„, t) -» A(SL(2n + 1, R))-‘ 

are equivalences of categories. 

Proof. Similar to 4.12. A(SL(2?r + 1, R) is a full subcategory of A(GL(2n + 

1, R) since conjugation with the central element —E of negative determinant is the 
identity. □ 

The Quillen categories A(GL(2?r, R)) = A(E 2n ,A 2 „) A(SL(2?r + 1,R)) = 
A(E 2ra+ i, A 2n+ i) (4.12, 5.1) are not equivalent. 

For any partition i = (io, if), io > 0, i\ > 0, of 2 n + 1, let L[io, i\] C A 2ra+ i be 
the subgroup generated by 

io i i 

diag(+l,..., +1, -1,..., -1) = (i 0 p 0 + *ipi)(ei) 


Z/2 n = 2 

Z/2 x Z/2 n > 2 
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For any partition (z 0 , ii, z 2 , *3) of 2n + 1 where at least two of i 1, z 2 , *3 are positive, 
let P[*o, ii, *3] C A 2n+ i be the subgroup generated by 

^0 *1 *2 *3 

diag(+l,..., +1, —1,..., —1, +1, ■ • ■, +1, — 1, ■ • •, —1) = (zoPo + iiPi + hp 2 + Z3/33)(ei) 

io ii i-i *3 

diag(+l,..., +1, +1,..., +1, —1,. •., —1, — 1,.. •, —1) = (i 0 po + iiPi + hp 2 + Z 3 P 3 )(e 2 ) 

Note that L[i 0, i\] is a subgroup of S , A 2 „_ ) _i if and only if i\ is even, and that 
P[z 0 , *i, *2> *3] is a subbgroup of S'A 2 „_)_i if and only of i\, z 2 , *3 have the same parity, 
the opposite parity of io- 

Let P(k , r) denote the number of partitions of k = io + ■ • • + i r -1 into sums of 
r positive integers 1 < io < • • • < i r —i- From the above discussion we conclude 

5.2. Proposition. The category A(SL(2?z + 1,R)) contains precisely 

• n isomorphism classes of rank one objects represented by the lines L[2io + 

1, 2i{\ where 0 < io < n — 1 and i\ = n — io- 

• Y^j =2 P(i> 2) +5^j=3 P(j) 3) isomorphism classes of toral rank two objects. 
They are represented by the subgroups P[2zo + 1, 2zi, 2z 2 , 0], where 0 < 
io <n — 2 and (ii, if) is a partition of n — io, together with the subgroups 
P[2io + 1, 2ii, 2 ii, 2*3], where 0 < io < n — 3 and (zi, z 2 , *3) is a partition 
of n - i 0 - 

• Y^j =,3 P(j)3) isomorphism classes of nontoral rank two objects represented 
by the subgroups P[2io , 2zi — 1, 2z 2 — 1, 2*3 — 1] where 0 < io < n — 1 and 
(zi, z 2 , Z3) zs a partition of n — io + 2. 


The centralizers of these objects are 
(5.3) 

CsL(2n+i,R)P[2*o + 1) 2zi] = SL(2n + 1, R) 0 (GL(2zo + 1, R) x GL(2zi, R)) 

= SL(2z 0 + 1, R) x GL(2ii, R) 


(5.4) 

C S L(2n+i,R)P[i] = SL(2n + l,R)nJ] GL(j, R) 

jei 


I SL(2z 0 + 1,R) x GL(2zi,R) x GL(2z 2 , R) x GL(2i 3 ,R) 
|^GL(2z 0 , R) x GL(2zi - 1,R) x GL(2i 2 - 1,R) x SL(2z 3 


as, for instance, 


P[z] toral 

1,R) P[i\ nontoral 


SL(2n + 1, R) n (GL(2z 0 + 1, R) x GL(2zi, R)) 

= SL(2?z + 1, R) n (SL(2z 0 + 1, R) x (-E) x SL(2*i, R) x (D )) 

= SL(2z 0 + 1,R) x SL(2zi, R) x (-D) = SL(2 i 0 + 1,R) x GL(2*i,R), 
and the centers of the centralizers are 


xfCsL( 2 n+l,R)P[ 2 Zo + 1,2*i] — P[2*o + 1,2zi], 

(5.6) 

^C' SL ( 2 n+ 1 ,R)P[i] - SL(2n+ 1,R) n ZGLfo.R) 

ij>0 


P[z] #{j | ij > 0} = 3 

P[z]xZ/2 #{i | Zj > 0} = 4 


5.7. Lemma. For any nontrivial subgroup V C SA^+i there is a natural iso¬ 
morphism 

-2P'sL(2n+l,R) (V) = H 0 (Z 2n+1 (V)-,SA 2n+1 ) 
where S 2n _|_i(P) is the point-wise stabilizer subgroup (2.68). 
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2. THE LIMIT OF THE FUNCTOR H 1 (W;T)/H 1 (tt 0 \ Z( ) 0 ) ON A(PSL(2n + 1, R))|* 


Proof. Let V C <SA 2 „ +1 be any nontrivial subgroup of rank r. Then V = 
V[i] is the image of i P P for some function i: Hom((Z/2) r , R x ) —> Z where 

i p = 2n + 1 and 

ZC SU2n+1 , R) V[i\ = Z(SL(2n + l,R)n [] GL(i„,R)) 

i P > 0 

= SL(2n + 1, R) n ]J ZGL(i p , R) = SA 2n+1 n Af n = 5A^;+ l(VW) 

i P > 0 

where the second equality can be proved by using that C l GL(i,R)SL(j, R) = ZGL(i, R) 
and the final equality follows from the observation that the stabilizer subgroup 

S 2 n +1 (V[i])=n ip>0 S< p . □ 

5.8. Corollary. lim ! (A(SL(2n +1, R), 7ri(RZ(7sL(2n+i.R))) = 0 for all i > 0. 

Proof. Immediate from the general exactness theorem (2.69) for functors of 
the form as in 5.7. □ 

5.9. Proposition. Centralizers of objects o/A(SL(2n+1,R))^2 are LHS. 

Proof. Let X± and X 2 be connected Lie groups and m and n 2 finite 2-groups 
acting on them. Suppose that the homomorphisms 9(Xi) ni and 6{X\Y 1 (2.20) are 
surjective. Then also 9{X± x X 2 ) 7riX7r2 is surjective and so the product X\ x 7Ti x 
X 2 x tt 2 is LHS (2.28). This observation applies to the products (5.3, 5.4) since 
the ^-homomorphisms are surjective [24, 5.4] (2.29) for SL(2i + 1,R), i > 0, and 
SL(2*,R), i > 1. □ 

2. The limit of the functor H 1 (W',T)/H 1 (tto', Z{ )q) on A(PSL(2?r+ 1,R))^2 

In this subsection we check, using a modification of 2.53, that conditions (1) and 
(2) of 2.51 with X = SL(2n + 1,R) are satisfied under the inductive assumptions 
that the connected 2-compact groups SL(2i + 1,R), 0 < * < n, and SL(2i,R), 
1 < * < n, are uniquely IV-determined. 

The objects V C SL(2?r + 1, R) of the category A(PSL(2n + 1, R)) ^2 are the 
rank one objects L[i 0 , i\] and the rank two objects P[2i 0 + 1, 2ii,2i 2 , 0] and P[2i 0 + 
1, 2*i, 2i 2 , 2i 3 ] as described in 5.2. The rank two object P[2i 0 + 1,2*i, 2i 2 , 2i 3 ], 
*3 > 0, contains the three lines L[2io + 2ii + 1, 2 i 2 + 2 i 3 ], L[2i 0 + 2i 2 + 1, 2 i\ + 2i 3 ], 
and L[2io + 2+ 1, 2ii + 2i 2 ]. Their centralizers are described in (5.3) and (5.4). 
Note that there are functorial isomorphisms 

(5.11) TaV 0 (C SL ( 2n+1 , R )(U» = (z/2) min{i 0 ,l} x Z(C' S L(2n+l,R)(V)o) 

as modules over 7r 0 C' S L(2n+i,R)(b r ). 

Condition (1) of 2.51 is satisfied as Cx(V) has IV-determined automorphisms 
and is TV-determined for general reasons (2.39, 2.35, 2.40). This means that there 
are isomorphisms, ay and /y, such that the diagrams 

C N (V)^^C N (V) 

Cx(V)^+C X '(V) 

JV 

commute and ay € H 1 {W;T)(Cx(V)). There may be more than choice for ay 
but for each ay there is just one possibility for fy (2.13). The set of possible ay 
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for a given V is a H 1 ^)o))(Cx (V))-coset in H 1 (W;T)(Cx{V)) (2.37). The 
collection of the ay for various V represents an element of the inverse limit 

(5.12) lim° (A(SL(2n + 1, R))|*, 

H (7r 0 ; Z(( ) 0 )) 

of the quotient functor over the category A(SL(2n + 1,R))^2- Condition (2) of 
2.51 is satisfied if the restriction map from H 1 (W- 1 T)(SL(2n + 1,R)) to (5.12) 
is surjective. Because of the natural splitting (5.11) and because the centralizers 
CsL(2n+i,R)(^0 are LHS there is a short exact sequence 

0 -> Hom(7r 0 , (Z/2) min f* 0,1 I) - f } - -> H\W 0 ;fr° - 0 

H (no; Z(( ) 0 )) 

of functors on A(SL(2n +1, R))^- If we a Pply the functor Hom(7To, (Z/2) mm f* 0,1 I) 
to the morphisms 

(5.13) T[2?o T 1) 2*i + 2 * 2 ] —> P[2i() + 1, 2*i, 2*2, 0] <— L[2io + 2*i + 1, 2 * 2 ] 

we see that the induced morphisms are injective and that their images intersect 
trivially. Thus the inverse limit of this functor is trivial and from the above short 
exact sequence we obtain an injective map 

lim° (A(SL(2n+l, R))f 2 , tt ) - 1™° (A(SL(2n+l, R))^, H 1 (W 0 ; t)’ 0 ) 

between the inverse limits. As the inverse limit to the right is a subgroup of the 
inverse limit of the functor H 1 (Wo; T) we conclude that if the restriction map 

(5.14) fP L (W 0 ;T’)(SL(2n + 1,R)) -► lim° (A(SL(2n + 1, R))|*, H\W 0 ; T)) 

is surjective, then condition (2) of 2.51 is satisfied. 

5.15. Lemma. The restriction homomorphism (5.14) is an isomorphism for all 
n> 2. 

Proof. For n = 2, the image under the functor H 1 (Wq\T) of the category 
L[l,4] —> P[l,2,2, 0] <— L[3, 2] is 0 —» 0 <— Z/2 so that the limit of the functor 
H [ (M'o; T) is Z/2. Since SL(3, R) x SL(2;R) —> SL(5,R) turns out to induce an 
isomorphism on H 1 (Wq\T) the claim follows in this case. 

For n = 3, taking into account only the planes of type P[2*o — 1,2*i, 2z 2 , 0], we 
should compute the limit of the diagram 

H\W 0 Cs H7 , r) L[1,6}) 



ff 1 (WoC SL( r > R ) P[l,4,2 ) 0]) 



H\W 0 C SU7 ,n)L[5,2}) 


of F 2 -vector spaces. For each of the planes P take the intersections of the images in 
the cohomology groups R 1 (WoC'sl(7.r).P; T) of iJ 1 (WoC'sL( 7 .R)^; T) for each line 
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L C P. Take the intersection of the pre-images in each H 1 (W 0 Csl (7 T) of these 
subspaces of H 1 (WoCsl( 7 ,r.)P',T)- Using the computer program magma one may 
see that these subspaces have dimensions 1,2,2 for L = L[l, 6], L[3,4], L[5, 2], re¬ 
spectively, and that they equal the image of the restriction maps from i? 1 (W 0 ; T)(SL(7, R)). 
This shows that the lemma is true in this case. 

In general, the above mentioned subspaces of R 1 (WoCsl( 7 ,r)U; T) have dimen¬ 
sion 1 for L = L[l,2n] and dimension 2 for the lines L = L[2i + 1,2 n — 2 i\ with 
1 < i < n — 1 and these subspaces equal the image of the restriction maps from 
H 1 (Wq; T)(SL(2n + 1, R)). □ 


3. Rank two nontoral objects of A(SL(2n+ 1,R)) 

The nontoral rank two objects of A(SL(2n + 1,R)) are represented by the 
subgroups P[i] C S'A 2rl +i generated by the elements 


2*o 


2 * 2-1 


2*3-1 


ei — diag(+l, ...,+l,—1,...,—1,+1,...,+1,—1,...,—1) 

2io 2ii — 1 222 — 1 223 — 1 

e 2 = diag(+l,..., +1, +1,..., +1, —1,..., -1,-1, ■ ■ ■, —1) 


where i = ( 2 z 0 , 2 i 1 — 1 , 2 i 2 — 1 , 2 i 3 — 1 ), 0 < io < n — 1 and (*i, * 2 , 13 ) is a partition 
of n + 2 — i 0 (5.2). The generators of P[i\ may also be written as 

(5.17) 

*0 — 1 *1 — 1 *2—1 *3 — 1 

ei = diag(il ,.. .,E,E, —E,..—E, —R, E,.. ,,E, —E ,..., —E, —1), R = ^ j 

(5.18) 

20 — 1 21 — 1 22 — 1 23 —1 

e 2 = diag (E,... ,E,E,E,... ,E,R, -E,-E,-E ,..., -E, -1) 


The centralizer of P[i] is 

C' S L( 2 n+i,R)^[*] = SL(2n + 1, R) n (GL(2i 0 , R) x GL(2ii — 1, R) x GL(2i 2 — 1, R) x GL(2i 3 - 1, R)) 
= GL(2i 0 , R) x GL(2ii — 1, R) x GL(2i 2 - 1, R) x SL(2 i 3 - 1, R) 

Note that P[i\ is contained in the maximal torus normalizer 7V(SL(2n+ 1,R)) = 

GL(2, R) ; E„. Since the centralizer of P[i] in the maximal torus normalizer, 

C , GL( 2 ,R) ;S „U[i] = GL(2, R) l E io x GL(2, R) 1 x GL(1, R) 

x GL(1, R) x GL(2, R) l E, 2 _i x GL(2, R) l E is _i, 

is the maximal torus normalizer for the centralizer of P[i], the lift P[i] C A(SL(2?i+ 

1,R)) is a preferred lift of P[i\ C SL(2n + 1,R) [45]. The two other preferred 
lifts are given by composing with the permutation matrices for the permutations 
(1, 2)(i 0 + h, 2n + 1) and (1, 2)(io + i\ + 1, 2 n + 1) (assuming i 0 > 0) resulting in 
the lifts given by 


2Q — 1 


21-1 


22-1 


23-1 


ei — diag(£l,..., E, E, —E ,..., —E, —E, E,... ,E, —E ,..., —E, —1), 
*0—1 *1-1 *2—1 *3—1 


e 2 — diag(iil,..., E, E, E ,..., E, R, —E ,..., —E, —E ,..., —E, —1) 
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and 


ei 


e-2 


»o—i 


ti—i 


t2 —i 


i 3-1 


diag(-E, ...,E,E, -E, ..., -E, R,E,...,E, -E ,..., - 


IQ — 1 


21-1 


22-1 


2 3 -l 


diag(.E,..., E, E, E ,..., E, —E, —E ,..., —E, —E ,..., 


E,~ 1 ), 

~E,-1) 


respectively. These two lifts are also preferred lifts of P[i\ C SL(2n + 1,R). The 
three preferred lifts are not conjugate in N(SL(2n + 1, R)) because the intersection 
with the maximal torus is generated by ei+e 2 in the first case and by e\, respectively 
e 2 , in the next two cases. Note that all three preferred lifts have the same maximal 
torus, SL(2,R) io x SL(2,R ) il “ 1 x SL(2,R ) i2 ^ 1 x SL^.R)*- 1 . 

Let U = (ei, e 2 , e 3 } be elementary abelian 2-group generated by ei and e 2 as in 
(5.17, 5.18) together with 


io -1 ii — l 12 — 1 *3 — 1 

e 3 = diag (E ,..., E, R, E,..., E, E, E,..., E, E ,..., E, — 1), 


Note that the centralizer of U has a nontrivial identity component, that the inclusion 
U C C'sL(2n+i,R)-P[*] induces an isomorphism on ttq. 

Under the inductive assumption that SL(2i, R), 1 < i < n— 1, and SL(2i—1, R), 
1 < i < n, have 7 r* (IV)-determined automorphisms (or using [31]) we conclude from 
2.63 and 2.64 and (part of) [42, 5.2] that condition (3) of 2.51 is satisfied for 
SL(2?i + 1,R). (Namely, 2.63.(1) says that v' L does not depend on the choice of 
L < V. The difference f„ L , 2 0 fv,L 1 between any two of the maps f Vt L from 2.51.(3) is 
an automorphismof C'sl(2?i+i,r)-F > [*] that, by 2.63.(2), is the identity on the identity 
component and by the commutative diagram (2.64) 

(5.19) U 


CsL( 2 n+l.R)-P[*] - — -»■ C'sL(2n+l,R)-P[*] 

E,l 2 °E- l i 



also the identity on 7roCsL(2n+i.R)-P[i]- Any such automorphism of C'sl( 2 ?i+i,r)R[*] 
has [42, 5.2] the form A —> (p(A)A where 


ip: GL(2i 0 , R) x GL(2*i - 1, R) x GL(2i 2 - 1, R) x SL(2i 3 — 1,R) —> 

7r 0 (GL( 2 ?'q, R) x GL(2?d -1, R) x GL(2i 2 -1, R) x SL(2i 3 -1, R)) ZGL(2i 0 , R) 

is some homomorphisms. Diagram (5.19) thus implies that the inclusion U —> 
SL(2n + 1, R) and the monomorphism given by e, —> y>(ej)ej, 1 < i < 3, are 
conjugate. Since the trace of e*, 1 < i < 3, is odd (nonzero), <p must be trivial. 
Thus fu,L x and f v j J2 are identical isomorphisms.) 



CHAPTER 6 


The C-family 


Let H = {a + bj\a,b £ C}, where j 2 = —1 and ja = aj for a £ C, be the 
quaternion algebra. The C-family consists of the matrix groups 

PGL(n, H) = GL(n, H)/ (-E), n> 3, 

of quaternion projective nx n matrices. (These 2-conrpact groups also exist for n = 1 
or n = 2. However, PGL(1, H) = SL(3, R) = PGL(2, C) and PGL(2, H) = SL(5, R) 
(9.25) are already covered.) 

The maximal torus normalizer for GL(1,H) = H x , generated by the maximal 
torus GL(1, C) = C x and the element j, sits in the non-split extension 

1 GL(1, C) - A(GL(1, H)) - O') / (-1) - 1 

of £2 by GL(1, C) = C x . The maximal torus normalizer for GL(ra, H) is the 
subgroup 

iV(GL(n, H)) = A(GL(1, H)) l S„, 

generated by A(GL(l,H)) n c GL(n,H) and the permutation matrices. The max¬ 
imal torus normalizer for PGL(n,H), the quotient _/V(GL(n,H)) by the order two 
group (-E), sits in the extension 

GL(1,C)" iV(GL(l,H)r JV(GL(1,H)),^ 

(-E) ( -E ) GL(1, C) 

which does not split (for n > 3). 

It is known that [35, 1.6] [24, Main Theorem] 

H°(W; T)(PGL(n, H)) = 0, H\W ; T)(PGL(n, H)) = 

for the projective groups. 


Z/2 n = 3,4 
0 n > 4 


1. The structure of PGL(?r, H) 

Let 

A n = t(GL(n, H)) = (diag(±l,..., ±1)) C GL(n, H) 

be the maximal elementary abelian 2-group in GL(n, H) and C 4 = (I) C GL(n, H) 
the cyclic order four group generated by I = diag(i, ...,*). The maximal elementary 
abelian 2-group in PGL(n, H) is the quotient 

f(PGL(n, H)) = *( PGL ( ? b H))* ; t(PGL(n, H))* = C 4 o t(GL(n, H)) 

\~E) 

so that the toral part of the Quillen category is eciuivalent 

A(PGL(n, H))-* = A(C 2 l E n , g 4 ° (diag(±l ..., ±1)) } 

\-E) 

to the category whose objects are nontrivial subgroups of t(PGL(n, H)) and whose 
morphisms are induced from the action of the Weyl group. 
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For any partition i = (i 0 , ii) of n = ig + i\ into a sum of two positive integers 
*o > h > 1 > 0 let L[i] = L[io, ii] C GL(n, H) be the subgroup generated by 


diag(+l,..., +1, —1,..., —1) 


Then the centralizer 


{ GL(io,H)xGL(n,H) ■ , ■ 

( -E ) <0 r <1 

GL( l0 ,H) 2 s „ / (0 E\ \ . 

-prd E o <- B> ) ! " = * 1 


so that the center ZCpGL(ri,H)-k[io, *i] = L[io,ii] as in the proof of 4.54 and 9.18. 

Let (also) I € PGL(n, H) denote the order two element that is the image of the 
order four element i £ GL(n, H). Then 

( 6 - 3 ) CpGL( tl ,H)(-f) = ^ X O' {-E}} 

so that the center ZCpGL(n,H)(-0 = (-0 as shown in the proof of 4.54. 

For any partition (io,ii,i2,0) of n = io + ii + ii into a sum of three positive 
integers io > ii > *2 > 0 or any partition (io, i\, i 2 , is) of n = io + ii + *2 + 0 into 
a sum of four positive integers io > ii > i 2 > i 3 > 0 let P[io, ii, i 2 , is] C A 2n +i be 
the subgroup generated by the two elements 

io ii i2 i3 

diag(+l, • • •, +1, — 1, • • i j — 1, +1, • • •, +1, — 1, • • •, — 1) 

io ii i2 i3 

diag(+l,..., +1, +1,..., +1, —1, ■ • •, — 1, —1, ■ ■ ■, —1) 


Then the centralizer 


I GL ( ( :g ) x (c 2 x c 2 ) 

(6-4) CpGL(n,H)P[*] = GL( " H g Lfe ' H>2 X a 


—— x (C 2 x C 2 ) i = (i 0 , io, io, io) 

GL(i 0 ,H) 2 xGL(i 2 .H) 2 n ...... x 

———-— X C 2 1 = (io,io,i 2 ,i 2 ) 

GL(io,H)xGL(ii,H)xGL(i 2 ,H)xGL(i 3 ,H) u_- _ A 

l-FA TT* — ^ 


where the groups C 2 are generated by permutation matrices. 

For any partition i = (io, ii) of n = io + ii into a sum of two positive integers 
io > ii > 0 let 7#L[io,ii] C PGL(n,H) be the elementary abelian 2-group that is 
the quotient of 


(I#L[i 0 ,ii\)* = (I, diag(+l,..., +1,-1,..., -1)) 


Then the centralizer 


f GL(io,C)_xGL(n.C) „ {j { _ E)) 

(6.5) CpGL(n,H)J#L[i 0 ,il] = | GL fa,C) 2 „ ^ { _ E) {0 A ( _ E) 


i o ± ii 


*o = *1 


6.6. Proposition. The category A(PGL(n,H)) contains exactly 

• [n/ 2] + 1 rank one toral objects represented by the lines L[i, n — i], 1 < i < 
[n/2] (with q = 0), and by the line I (with q ^ 0). 

• P(n, 3) + P(n, 4) + [n/2] rank two toral objects represented by the P(n,3) 
planes P[io, ii, i 2 , 0] (with q = Q), the P(n,4) planes P[io, ii, * 2 , is] (with 
q = 0/, and the [n/2] planes I#L[i,n — i\, 1 < i < [n/2] (with q ^ 0/. 

6.7. Proposition. Let V C PGL(?r, H) be a nontrivial elementary abelian 2- 
group. Then 


V is toral 


[V,V]^0 
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Proof. The proof is similar to 4.10 with the extra input that all elementary 
abelian 2-groups in GL(?r, H) are toral by quaternion representation theory [1], □ 


6.9. Proposition. Centralizers of objects of A(GL(n,H ))^2 are LHS. 


Proof. The centralizers C = Cq x t in question are the nonconnected central¬ 
izers listed in (6.2), (6.3), (6.4), and (6.5). In fact, we only need to deal with 


GL(i,H) 2 GL(?: 0 ,H) 2 x GL(i!,H) 2 

-yrr* C2> Fb> 


GL(*,H) 4 

(~E) 


x (C 2 x C 2 ) 


as the other cases are covered by 4.19. It suffices (2.28) to show that 9(CqY (2.20) 
is surjective. 

Computations with the program magma results in the table 



ker 9 

Horn (W,T w ) 

H l (W;T) 

9 


1 = i 

(Z/2) 2 

(Z/2) 2 

0 

epi 

0 

2 = i 

\m®M 

TffTfflT 

M®mm 


msMsm 

2 < i 

0 

(Z/2) 4 

wsffim 

iso 



From the table we see that 9 17 is surjective unless i = 2. In that exceptional case, 
more compute computations show that H 1 (-rr;T w ) = Z/2 and H 1 (W C 2 \T) = 
{h/2) 3 which means that also x C 2 is LHS. 

Computations with the program magma results in the table 


GL(i 0 ,H)-‘xGL(ii.H)' ! 

ker 9 

Horn (W,T w ) 

HYW;f) 

9 

H 1 (W;t'Y 

(-E) 

1 = i 0 ,2 = 

(Z/2) 4 

(Z/2) 18 

(Z/2) 14 

epi 

(z/2 y 

1 = *o, 2 < i\ 

(Z/2) 2 

h (Z/2) 18 " 

(Z/2) 40 

epi 

(Z/2) 8 

2 = i 0 < *i 

(Z/2) 2 

(Z/2) 24 H 

(Z/2) 22 

epi 

(Z/2) 11 

3 < *o < ii 

0 

(Z/2) 24 

(Z/2) 24 

iso 

(Z/2) 12 


Since 9 is surjective and H >0 (t; ker 9) = 0 because the action of 7r on ker 9 is induced 
from the trivial subgroup, 9 n is surjective. 

Computations with the program magma results in the table 


- (C a x C 2 ) 

ker 9 

Horn (W,T w ) 

ff 1 (IT;T) 

6> 

H l (W ; X’) 71 ’ 

1=1 

(Z/2) 4 

(Z/2) 12 

(Z/2) 8 

epi 

(Z/2) 2 

2 = i 

(Z/2) 4 

(Z/2) 24 

(Z/2) 2U 

epi 

(Z/2)° 

2 < i 

0 

(Z/2) 24 

(Z/2) 24 

iso 

(Z/2) 0 


Since 9 is surjective and H >0 (t; ker 9) = 0 because the action of 7r on ker 9 is induced 
from the trivial subgroup, 9 n is surjective. □ 


2. The limit of the functor H 1 (Wo; f ) w / w ° on A(PGL(?r, H)^ 

Let H l (W 0 ;f): A(PGL(n,H))|* —> Ab be the functor that takes the toral ele¬ 
mentary abelian 2-group V C f(PGL(n, H)) to the abelian group ff 1 (W 0 (CpQ L ( ntH) (V); T)), 
and H 1 (II-'o; T) w / w ° the functor that takes V to the the invariants for the action 
of the component group 7ToCpGL(n,H)(^0 on this first cohomology group. 

6.11. Proposition. The restriction map 

H 1 (W (PGL(n, H); T) -> lim°(A(PGL(n, H))|*, H l (W 0 ; T) w / w °) 


is an isomorphism for all n > 3. 
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Proof. PGL(4,H) : Computer computations show that the intersection of the im¬ 
ages of the morphisms 

iT 1 (Wb;T , ) w/Wb (L[l,3]) -► {I#L[ 1,3]) <=- H 1 (Wo;t ) w/Wo (!) 

is 1-dinrensional and that its pre-image in H 1 (Wo;T) w ^ w °(I) equals the image 
of the restriction map from T)(PGL(4, H)). Similarly, the images of the 

monomorphisms 

H'iWo; T) W/W °{L[ 1,3]) ^ H l (W 0 \ f) w/w ° (P[ 1,1,2,0]) H\W 0 -, f) w/w ° (L[ 2,2]) 

meet in a 1 -dimensional subspace whose inverse images in the cohomology groups 
to the right and to the left agree with the images of the restriction maps from 
H\W,f)( PGL(4,H)). 

PGL(?r, H), n > 4: Computer computations show that the images of the morphisms 

H l {W Q \f) w f w °{L[\,n-\]) -> H 1 {W 0 -,T) w (I) 

intersect trivially and that the arrow pointing left is an isomorphism. Similarly, the 
images of the injective morphisms 

w J? 1 (W 0 ;T) W/W ' b (P[*, !,«-*- 1 , 0 ]) 

^ H\W 0 -,T) w / w °{L[i + l,n-i-l]), 1 <i< [n/2], 

intersect trivially. These observations imply that lim°(A(PGL(n, H))^ if 1 (Wo; T) w / w °) 
0 . * ” “ □ 

3. The category A(PGL(n, H))< 4 ^° 

We shall need information about all nontoral objects of A(PGL(n, H)) of rank 
< 3 and some objects of rank 4. If V C PGL(n, H) is an elementary abelian 2- 
group with nontrivial inner product then its preimage V* C GL(n, H) is PxR(V) or 
(C 40 P) x R(V) where P is an extraspecial 2-group, C 40 P a generalized extraspecial 
2-group, and Ui(V*) = {—E) (4.8). We manufacture all oriented quaternion repre¬ 
sentations of these product groups as direct sums of tensor products of irreducible 
representations of the factors (9.6) as described in [1, 3.7, 3.65]. 

Note that the degrees of the faithful irreducible representations over H for the 
groups 2^~ 2 and C 4 o 2] t +2 are even and that the quaternion group 2]_ +2 has a faithful 
irreducible representation over H, namely the defining representation. 

6.12. The category A(PGL(2n + 1, H))< 4 ^°. The category A(PGL(2n + 

1,H)) contains up to isomorphism just one nontoral rank two object, P_, whose 
inverse image in GL(2n + 1, H) is 

Qs = 2l +2 = (diag(i, ...,*), diag(j,... ,j)) 

As in 4.50, the centralizers [54, Proposition 4] of 2_ 2 and H_ are 
C , GL( 2 n+i,H)( 2 i +2 ) = GL(2n +1, R), C PGH2n+hll) (H_) = H_ x SL(2n + l,R) 
so that ZCp GL ( 2 n+i.H){H-) = H-. 

There are n nontoral objects of rank three, P_ #L[i, 2n +1 — i], 1 < i < n. The 
inverse image in GL(2n + 1, H) of £/_#L[z, 2n + 1 — i] is 

i 2n-\-l—i 

( diag(z,..., i), diag (j,.. .,j), diag(+l,..., + 1 , - 1 ,..., - 1 )) 

and the center of the centralizer, Cpgl(2«+i,h) 2 n + 1 — *]) = H _ x 

CsL( 2 n+l,R)-k[*> n— 1], is ZCpGL( 2 ra+l,H)(^-#i[b 2 ?l+l —i]) = H_#L[i, 2n +1 — i] 
according to (5.5). 

The objects P_#P[zo, zi, « 2 , * 3 ], where P[zo, ii, 12 , * 3 ] is as in 1, are rank four 
nontoral objects. 
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We need to know that the nontoral object H_ satisfies condition (3) of 2.51. 
Note that the conditions of 2.63 are satisfied because the identity component 
of CpGL( 2 n+i,H)(-H—) is nontrivial and because the Quillen automorphism group 
A(PGL(2?r + l,H))(i?_) = GL(2,F2) acts transitively on the set preferred lifts 
H_ c A(PGL(2n + l,H)) of i/_ c PGL(2n+1,H). Under the inductive assump¬ 
tion that SL(2?i + 1,R) has 7T* (AQ-determined automorphisms (or using [31]) we 
conclude from 2.51 and diagram (2.64) and (part of) [42, 5.2] that condition (3) 
of 2.51 is satisfied for the nontoral rank 2 object iJ_. (Namely, 2.63.(1) says that 
v' L does not depend on the choice of L < V. The difference f~\ o between 
any two of the maps /„ £ from 2.51.(3) is an automorphism of CpGL( 2 n+i,H) (-£^-) 
that, by 2.63.(2), is the identity on the identity component and by the commutative 
diagram (2.64) 

(6.13) 


CpGL(2n+l.H)(-U—) -;-► C , pGL(2n+l,H)(-ff-) 

U,l 2 °Uy i 

also the identity on 7roCpGL(2n+i,H)(-H-)- Since the identity component SL(2n + 

1, R) of the centralizer CpGL( 2 n+i,H) (-H-) has no center, this shows that f„] J2 0 fv,L 1 
is the identity automorphism.) 

6.14. Rank two nontoral objects of A(PGL(2n, H)). The category A(PGL(2n, H)) 
contains up to isomorphism two nontoral rank two objects, H + and whose in¬ 
verse images in GL(2n,H) are 

2+ +2 = (diag(R,..., R), diag(T,..., T)), R=(^ , T = j) 

2 1 + 2 = (diag(i,..., i), diag(j,.. .,j)) 

where the representation of the dihedral group 2* +2 is of real type and the repre¬ 
sentation of the quaternion group 2;[ +2 of quaternion type. This follows from 4.8 
because 2^~ 2 has one faithful irreducible H-representation of degree 2 and 2_ 2 
has one faithful irreducible H-representation of degree 1. The centralizers are [54, 
Proposition 4] 

C' G L(2n,H)(2i +2 ) = GL(n, H), C' PGL(2ll ,H)(ff+) = H+ x PGL(n, H) 

CGL(2n,H)(2^ +2 ) = GL(2n, R), C'pgl( 2 k,h)(^-) = H~ x PGL(2n, R) 

as we see by an argument similar to that of 4.50. This implies (9.18) that ■£C'pgl( 2 ?i,h) (Hj = 
H for all nontoral rank two objects H of A(PGL(2n, H)). 

We need to know that these nontoral objects satisfy condition (3) of 2.51. To 
see this we use 2.63. 

H + : Condition (1) of 2.63 is clearly satisfied since the identity component of 
CpGL( 2 n,H)(#+) is nontrivial when n > 3. The group H+ = 2^ +2 is contained in 
_/V(GL(2n, H)) = A(GL(1,H)) l T, 2 n and its centralizer there is 

CV(GL(2n,H))(2}- +2 ) = U W(G L(1,H)) !S2 „(2^ 2 ) = iV(GL(l, H)) l s n = A(GL(n,H)) 

and therefore if_ is contained in 7V(GL(2n, H))/ (-E) = A(PGL(2n,H)) where 
its centralizer is 

CiV(PGL(2n,H))(#+) = H+ x A(PGL(?1, H)) = ^V(CGL(2n,H)(-ff+)) 

as in 4.50. This means that H+ C A(PGL(2?r, H)) is a preferred lift [45] of H+ C 
GL(2n,H). Precomposing the inclusion H+ C _/V(PGL(2?r, H)) with the nontrivial 
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element of A(PGL(2?r, H ))(H + ) = 0 + ( 2, F 2 ) = C 2 (6.21) leads to another preferred 
lift. The third preferred lift is the quotient of 


(2 


l+2^diag(B,...,B) 


< diag (R b , ..., R b ), diag((i?T) B ,..., ( RT ) B )), 

s = 7f0 O' = (RT)B = (o 



Note that these three preferred lifts all have the same image in the Weyl group 
7r 0 fV(GL(2n, H)) = 7r 0 (-/V(GL(l, H))) l E 2rl , namely the subgroup generated by the 
permutation (1, 2)(3,4) • • • (2n — 1,2n) € E 2 „. 

Under the inductive assumption that PGL(n, H) has 7r*(./V)-determined auto¬ 
morphisms (or using [31]) we conclude from 2.63 and diagram (2.64) and (part of) 
[42, 5.2] that condition (3) of 2.51 is satisfied for the nontoral rank 2 object H + 
of A(PGL(2n, H)). (Namely, 2.63.(1) says that v' L does not depend on the choice 
of L < V. The difference f~ L o between any two of the maps /„. l from 

2.51.(3) is an automorphism of CpGL( 2 n.H) (H+) that, by 2.63.(2), is the identity on 
the identity component and by the commutative diagram (2.64) 


(6.15) H+ 



CpGL(2n,H) (H+ )-;-► Cp G L(2ra,H)(-H + ) 

1 


also the identity on 7ToCpGL(2ri,H) (H+)- Since the identity component of CpGL( 2 n,H) (R+) 
has no center, this shows that f~ L o f„ t Li is the identity automorphism.) 

//_: Condition (1) of 2.63 is clearly satisfied since the identity component of 
CpGL(2n,H)(.ff— ) is nontrivial when n > 3. The group HI i = 2]_ +2 is contained in 
A(GL(2n, H)) = A(GL(1,H)) l E 2n and its centralizer there is 

Cjv(GL(i,H))!E 2 „(2(_ + “) = C'jv(GL(i,H))(b j) 1 = GL(1, R) l E 2n = iV(GL(2n, R)) 

and therefore R_ is contained in A(GL(2n,H))/ (-E) = A(PGL(2n,H)) where 
its centralizer is 


C N{PGH2n ,H))(H-) = H_xN(GL(2n, R))/ {—E} = H_ x A(PGL(2n, R)) = iV(C PGL(2 „,H)(ff-)) 

as in 4.50. This means that C A(PGL(2?r, H)) is a preferred lift [45] of H _ C 
GL(2n,H). Precomposing the inclusion C A(PGL(2n,H)) with elements of 
A(PGL(2?r, H))(R_) = 0 _ (2, F 2 ) = GL(2, F 2 ) (6.21) leads to other two preferred 
lifts of H _. 

Under the inductive assumption that the identity component PSL(2n, R) of 
PGL(2n, R) has 7T*(A)-determined automorphisms (or using [31]) we conclude from 
2.63 and diagam (2.64) and (part of) [42, 5.2] that condition (3) of 2.51 is satisfied 
for the nontoral rank 2 object R_ of A(PGL(2?r, H)). (The argument for this is the 
same as in case of H + with the little extra complication that 7ToC'pGL(2n.H)(^-) 
has an extra generator so that we replace diagram (6.15) by 

(6.16) (R_,diag(—1,1,...,1) 


CpGL(2n,H) {H+) -;-- C.'p GI . (2 ,,H;(//.) 

fv,L 2 °R,L 1 

from (2.64) where the slanted arrows induce isomorphisms on the component groups.) 
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6.17. Rank three nontoral objects of A(PGL(2n, H)). The nontoral rank 
three objects of the category A(PGL(2n, H)) are the quotients of H + #L[i, n — i], 
1 < i < [n/2], P_#L[i, 2n — i], 1 < * < n, and Vo- These subgroups of GL(2n, H) 
are defined to be 


(diag(P,..., R), diag(T,..., T), diag(P,..., E, —E,—E)) 


2 n—i 


( diag(v .., i ),diag(j,..., j), diag(l,..., 1, -1,..., -1)) 


(diag diag(P,..., R), diag(T,... ,T), > 

and their centralizers are 


CpGL( 2 r!,H)(-ff+#£[i,n — *]) = H + X CpGL(n,H)-k[b n ~ *]> 
CpGL(2»j,H)(-ff-#i[b 71 — l]) = P_ X C'pGL(2»i,R)i[b 2n — i], 

CpGL(2n,H)(lo) = H+ X Cp G L(n,H) GO == H + X — ^ XI (j (-P)} 

so that (6.2, 4.54, 6.3) PCpGL(2n,H)(V0 = V for all nontoral rank three objects V 
of A(PGL(2n, H)). The elements of H + #L[i, n — i], H-#L[i, 2n — i], and Vo have 
traces (computed in GL(4?r, C)) in the sets ±{0,4n — 8i, 4n}, ±{0,4n — 4i, 4?r}, and 
±{0,4 n}. 


6.18. Rank four nontoral objects of A(PGL(2n, H)). H_#P[ 1, i — 1 , 2n — 

i, 0] C GL(2n, H), 1 < i < n, is 


2 n 2 n i— 1 2n—i i— 1 2 n—i 

(diag(v*^7*), diag(jT^Tj), diag(l, -1,.?., -1,TT^Tl), diag(l, 17^7?, - V ■ - , -1)) 


The elements of P have traces {2n + 2 — 2i,—2n + 2i,2n + 1} and these three 
integers are all distinct so that the Quillen automorphism group (6.21) has order 
3 • 2 5 . This nontoral rank four object contains the two nontoral rank three objects 
H-#L[l,2n — 1],H-#L[2, 2n — 2] when i = 2 and the three nontoral rank three 
objects H_#L[1, 2n — 1 ],H_#L[i — 1,2n — i + 1], P_#L[i, 2n — i] when i > 2. 

Vo#P[i, n — i] C GL(2?r, C) C GL(2?r, H), 1 < i < [n/2], is the subgroup 


2 n n n i n—i 

( diag(v—^7*), diag(P,..., R), diag(T,..., T), diag -P,..., -E ) > 

containing the three rank three objects P + #P[i, n — i], H_#L[2i, 2?z — 2i], and Vo- 
For these nontoral rank four objects E C GL(2n,H), the center of the central¬ 
izer is finite (4.54) and as, of course, E C PGpGL( 2 n,H)(P) we see that Hom A ( P GL( 2 n,H))(St(P), E) 
is a subspace of Hom A ( PG L(2n,H))(St(P),7ri.BZC , pGL(2n,H)(-E))- 


4. Higher limits of the functor 7TiPPCpGL(n,H) on A(PGL(n, H))[ > 1^° 

In this section we compute the first higher limits of the functors 7rjPPCpGL(n H), 

1 = 1 , 2 . 

6.19. Lemma, lim 1 7TiPPGpGL(n.H) = 0 = lim 2 7TiBZCpGL(n,H) and lim 2 ^PPCpgl^h) = 
0 = lim 3 7r 2 P^C'pGL(n,H)- 

The case j = 2 is easy. Since 7T2PPCpGL(n,H) has value 0 on all objects of 
A(PGL(n, H))[ ’ of rank < 4 it is immediate from Oliver’s cochain complex [53] 
that lim 2 and lim 3 of this functor are trivial. We shall therefore now concentrate 
on the case j = 1. 

For any elementary abelian 2-group E in PGL(n, H) we shall write 
(6-20) [E\ = Hom A ( PG L(n,H)(E))(St (P),P) 
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for the F 2 -vector space of F 2 A(PGL(n, H) (F)-equivariant maps from the Steinberg 
representation St (E) over F 2 of GL(P) to E. Olivers cochain complex has the form 
(4.33). 

6.21. Proposition. Regardless of the parity of n, the Quillen automorphism 
groups 

A(PGL(n,H))(fl_) =0-(2,F 2 ) 

A(PGL(„,H))(ff_#r)= ( 0_ < 2 ' F ’> A(GL(n ( R))(v) ) 

and diniF 2 [.H-] = 1 = dimF 2 [H-#L[i, 2n + 1 — z]] as described in 4.34 and 4.41. 

Proof. A(GL(n,H))(2(_ +2 ) = Out(2]_ +2 ) since all automorphisms of 2^ +2 pre¬ 
serve the trace. This group maps (isomorphically) to the subgroup 0~(2, F 2 ) C 
GL (H_) of automorphisms that preserve the quadratic function q on The 

Quillen automorphism group of H-ffV consists of the automorphisms that lift to 
trace preserving automorphisms of 2 1 _ffV. The dimension of the vector spaces of 
equivariant maps was computed by magma. □ 


In the odd case of GL(2n + 1, H) the cochain complex (4.33) takes the form 
(6.22) J] [H-#L[i,2n+l-i]] ^ H [E] ^ ■ 

1 <i<n |E|=2 4 

and we need to show that d 1 is injective and that dim(imd 2 ) > n — 1. 

If E = H_#P[i], where P[i] is as in (6.4), then 

A(PGL(2„ + l,H))(ff_#P[;]) = (^< 2 0 - F2 > A(SL(2 „ + * liR))(p[j]) ) 

where A(SL(2?i + l,R))(P[z]) is the group of trace preserving automorphisms of 
P[i]. It turns out that 

( 2 A(SL(2n + 1, R))(P[z]) = {E} 
dinr F2 [P_#P[i 0 , *i, * 2 ) *3]] = < 1 A(SL(2n + 1, R))(P[z]) = C 2 

[0 A(SL(2n+l,R))(P[*]) = GL(2,F 2 ) 

When n = 1 or n = 2, the cochain complex (6.22) has the form 

0 [H_] £+ [H_#L[ 1,2]] ^ [P_#P[ 1,1,1,0]] — --- 

0- [H.] ^ [H-#L[ 1,4]] x [P_#L[2,3]] [ff_#P[l, 1,3,0]] x [P_#P[1,2,2,0]] 


where all vector spaces are one-dimensional. In the case of n = 1, d 1 is an isomor¬ 
phism, and in the case n = 2, d 1 has matrix (l l) and d 2 has matrix . In 

case n > 3, it is enough to show that d 1 is injective and d 2 has rank n — 1 in the 
cochain complex 

0 -[J?-] — n [H-#L[i, 2n+l — ?']] —> [J [H-#P[1, i — l,2n — i + 1, 0]] 

l<i<n 2 <i<n 


that agrees with (6.22) in degrees 1, a product of one-dimensional vector spaces, 
and 2, a product of two-dimensional vector spaces. The elementary abelian 2-group 
P_#P[M - l,2n - % + 1,0] C GL(2n + 1,H) contains the nontoral subspaces 
H-ffL[l,2n], H-#L[i — 1,2 n — i + 2], and H_ffL[i,2n — i + 1]. The map /_, 
defined exactly as in 4.36, is the nonzero element of [P_] and the maps d/_, defined 
exactly as in 4.42, are nonzero in H_ffL[i,2n + 1 — ?']. Thus d 1 is injective. A 
magma computation reveals that {dd/_£[j_i i2n _.; +2 ], dd/_£[j j2rl _j + i]}, where these 
F 2 A(GL(2n + 1,H))(P_#P[1,* — l,2n — z + l,0])-maps are defined as in 4.44, 
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is a basis for the two-dimensional space H_ffP[l,i — 1,2n — i + 1,0] and that 
ddf-L[ 1,2„] = rfd/-L[i_i,2n-i+2] + ddf- L [i,2n-i+i]- This shows that d 2 has rank n- 1. 

In the even case of GL(2n,H) the cochain complex (4.33) takes the form 

0 — * [H-] x [H + \ n [H_#L[i, 2 n—i}] x n [H + #L[i,n-i]]x[V 0 )^> n n 

1 <i<n l<i<[n/ 2 ] |E|= 2 4 

6.23. Proposition. The automorphism groups of the low-degree nontoral ob¬ 
jects of the Quillen category A(PGL(2n,H)) are: 


A(PGL(2?r, H))(U+) = 0 + (2, F 2 ) 
A(PGL(2?r, H))(Vo) — Sp(2,F 2 ) 


A ( rGL(2„,H))(ff +# F)= ( O+ ' 2 0 F2 > A(GL{ f H)m 
A(PGL(2n,H))(P 0 #i[*,n-i])- ^ Sp(2 Q F2) 


and dimp-j [i?+] = 2, dim*- 2 [H + #L[i,n—i]} = 3, dimp 2 [Vo] = 4, and dimp 2 [Vo#T[i, n— 
i\ = 5 as described in 4.34, 4.39, and 4.37, and 4.44. 

Proof. The Quillen automorphism groups of the dihedral group 2and the 
generalized extraspecial group 4 o 2^ +2 are the full outer automorphism groups 
because the traces are nonzero only on the derived groups which are characteristic. 
The images in GL(7J + ), respectively, GL(Vo), isomorphic to 0 + (2,F 2 ) = G 2 and to 
Sp(2, F 2 ) = GL(2,F 2 ), are the Quillen automorphism groups for H + and Vo- For 
the middle formula, recall that the trace of H±ffV is the product of the traces. □ 


As in the real case (Chp 4) we get that d 1 embeds [i/_] x [H + ] into [Vo]. The 
only problem is to show that the rank of d 2 is > n + 3[n/2] + 4 — 3 = n + 3[n/2] + 1. 
We have to show that 


dim(imd 2 ) > n + 3[n/2] + 1 

We show this by mapping the n + [n/2] + 1 nontoral rank three objects (6.17), 

• [H-#L[i, 2 n — *]], 1 < i < n, with basis {df} as in (4.42), 

• [H + #L[i, n — i]], 1 < i < [n/2], with basis {df + ,dfo, fo} as in (4.40), and 

• [Vo] with basis {df + , dfo, df-, fo} as in (4.38) 

into the (n — 2) + [n/2] nontoral rank four objects (6.18) 

• H-#P[l,i-l,2n+l-i], 2 < i < n, with basis {ddf_ L [ i _ 1 ^ n +i-i], ddf_ L ^ 2n -i]} 
where these maps are defined as the similar maps in (4.44), 

• Vo#L[i,n — i], 1 < i < [n/2], with basis 

{ ddf + L[Cn—i] i ddf 0 L[i,n-i] ■ //oLf/’.n—/] • ddf _[^ 2 ;..2n —2i] ■ dfoy 0 } 

as in (4.44) 

Computations with magma shows that the resulting (n + 3[n/2] +4) x (2n + 5[n/2])- 
matrix has rank n + 3[n/2] + 1. The matrix has the form (shown here for n = 5) 



trj taq tq trj tq 
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[H_#P\ 1,2,71] [H_#P\ 1,3,61] [H_#P[ 1,4,5]] 


-#L{ 1,9] 1 1) 

-#A 2,8] 1 0) 

-#L[ 3,7] (0 1) 

-#L[ 4,6] 

-#L[ 5,5] 

#+#£[ 1 , 4 ] 

H+#L[2,3] 

Vo 

Vb#AM] 


(0 0 0 1 0 ) 



Vo#L[2, 3] 


ff_#L[2,8] 
ff-#i[3,7] 
(0 0 0 1 0) H-#L{ 4,5] 

H_#L[5,5] 
ff+#L[l,4] 
A H+#L[2,3] 

B Vb 


A 

0 

0 

0 

°\ 


0 

i 

0 

0 

0 , 

5 = 

V° 

0 

1 

0 

0 / 



1 0 0 0 0 
0 10 0 0 
0 0 0 1 0 
0 0 0 0 1 






CHAPTER 7 


The exceptional 2-compact groups 


We use the material of the previous chapters to (re)prove that the 2-conrpact 
groups G 2 , DI(4) and F 4 are uniquely ^determined. 

1. The 2-compact group G 2 

B G 2 is a rank two 2 -compact group containing a rank three elementary abelian 
2-group £3 C G 2 such that A(G 2 )(F 3 ) = GL(3,F 2 ) [23, 6.1] [ 20 , 5.3] and 

H*(BG 2 : Fa) = H* (BE 3 -,F 2 ) gl ^ f ^ = F 2 [c 4 ,c 6 ,c 7 ] 

realizes the mod 2 rank 3 Dickson algebra [36], The Quillen category A(G 2 )) con¬ 
tains exactly one isomorphism class of objects E 3 ,E 2 , E 3 of ranks 1, 2, 3 as Lannes 
theory [32] implies that the inclusion functor A(E 3 , GL(3, F 2 )) —> A(G 2 ) is an 
equivalence of categories. The centralizers of E 3 C E 2 C E 3 are 

SO(4) D T x (-E) D E 3 , 

In all three cases, ZCG 2 {Ei) = Ei sotlmtTr 2 BZCG 2 = 0 and itiBZCg 2 = -ff°(GL(3, F 2 )(—); £ 3 ). 
Thus tt 1 BZCg 2 is an exact functor (2.69) with lim° ttiBZCg 2 = i7°(GL(3, F 2 ); E 3 ) = 

0 . 

The Weyl IV(G 2 ) C GL(2, Z) C GL(2, Z 2 ), of order 12, is generated by the two 
matrices [4, VI.4.13] 



and the maximal torus normalizer N(G 2 ) is the senri-direct product of the maximal 
torus and the Weyl group [ 10 ]. 

It is known that H°(W;T){G 2 ) = 0, H 1 (W;T)( G 2 ) = 0, and A 2 (IV; T)(G 2 ) = 

0 [24, 26], 

Proof of Theorem 1.4. The rank one centralizer, SL(4, R) = SL(2,C) o 
SL(2, C), is uniquely IV-determined (1.2). Condition 2.51.(2) is satisfied because 
H 1 (W(X);T(X)) = 0 for X = G 2 , SL(4,R) [24], 2.51.(1) and 2.51.(3) because the 
only rank two object in G 2 is toral and its centralizer is a 2 -compact toral group. 
We noted above that the higher limits vanish. Now, 2.48 and 2.51 show that G 2 is 
uniquely A-determined. 

We have Aut(G 2 ) = H / (G 2 )\Agl( 2 ,z 2 )(W(G 2 )) (2.17) as the extension class 
e(G 2 ) = 0 [ 10 ]. The exact sequence (2.8) can be used to calculate the automorphism 
group. Using the description of the root system from [4, VI.4.13] with short root 
ai = £1 — £2 and long root a 2 = 2 e — e 2 — £3 generating the integral lattice in Z 2 
one finds that 

Ngl( 2 ,z 2 )(W (G 2 )) = (Z 2 , A, W (G 2 )> , A = V=3^J 

and therefore Aut(G 2 ) = Z 2 /Z x x C 2 where the cyclic group of order two is gen¬ 
erated by the exotic automorphism A interchanging the two roots. □ 
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2. The 2-compact group DI(4) 

£DI(4) is a rank three 2-compact group containing a rank four elementary 
abelian 2-group £4 C DI(4) such that A(DI( 4 ))(£ 4 ) = GL(4, F 2 ) and [16] 

£*(£DI(4);F 2 ) “ F 2 ) gl ^ 4,F2 ^ S* F 2 [c 8 , c 12 , c 14 , c 15 ] 

realizes the mod 2 rank 4 Dickson algebra. Lannes theory [32] implies that the 
Quillen category A(DI(4)) is equivalent to A(GL(4, F 2 ), £ 4 ) with exactly one el¬ 
ementary abelian 2-group (isomorphism class), E\,..., £ 4 , of each rank 1,..., 4. 

The centralizers of the toral subgroups £1 , £ 2 , £3 and the nontoral subgrouop E 4 
are, respectively, 

Spin(7) D SU(2) 3 / ((-£, -E, -E)) D T x (-E) D £4 

and ZCvi( 4 )(Ei) = £) in all four cases so that the functor 7 T.,££Cdi( 4 ) : A(GL(4, F 2 ), £ 4 ) 
Ab is the 0-functor for j = 2 and equivalent to the functor £°(GL(4, F 2 )(—); £ 4 ) for 
j = 1. This is an exact functor (2.69) and lim° 7 Ti££C'di( 4 ) = £°(GL(4, F 2 ); £ 4 ) = 

0 . 

As may be seen from [57], the Weyl group W(DI(4)) C GL(3, Z 2 ) of order 
2|GL(3, F 2 )| = 336 is generated by the matrices 

/I 0 0\ /l 0 0\ /-1 1 l\ ( -V 0 v 2 + v\ 

2-1-1,00 1,010,-11 v I 

\0 0 1 / \2 -1 - 1 / \0 0 1 / \-2v 0 V J 

where v £ Z 2 is the unique 2-adic integer with 2v 2 — v + 1 = 0. The first 
three matrices generate W(Spin(7)) [7, 3.9, 3.11]. Since W(DI(4)) is isomorphic 
to GL(3,F 2 ) x (-£), 


H n {W-,T){m{A)) = 0 £”- 2l (GL(3,F 2 );£ 2i ((-£);T) = 0 £ n - 2i (GL(3, F 2 ); (Z/2) 3 ) 

2 i<n 2 i<n 


and, in particular, 

H°{W; T)(DI(4)) = 0, H\W-, T)(DI(4)) = Z/2, H 2 (W\ T)(DI(4)) = Z/2 

We may characterize the maximal torus normalizer short exact sequence for DI(4) as 
the unique nonsplit extension of T by W (DI(4)); it is nonsplit because the restriction 
to W(Spin(7)) C W(DI(4)) is nonsplit [10]. 

We can not use 2.51 as it stands because condition (2) fails: The restriction 
map 

Z/2 = H l (W ; T)(DI(4)) -► H\W-, T)(Spin(7)) [ = ] (Z/2) 2 

is not surjective. Note, however, that the proof of 2.51 goes through with only 
insignificant changes if we replace hypotheses (1) and (2) by 

(1 & 2) The centralizer of any toral (V, v) £ Ob(A(A)^) is uniquely TV-determined, 
and leave the other conditions unchanged. 

Proof of Theorem 1.5. Condition (1 & 2) is satisfied for DI(4) since the 
connected 2-compact groups Spin(7) and SU(2) 2 /A are uniquely TV-determined (1.2, 

1.3) and the general results of 2.§2. Since also the relevant higher limits vanish [16, 

2.4] , DI(4) is uniquely TV-determined by 2.48 and 2.51. Since Out tr (W / (DI(4))) is 

trivial and Z(W( DI(4))) = (—£) has order two, Aut(DI(4)) can be read off from 
2.17 and the short exact sequence (2.9). □ 
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3. The 2-compact group F 4 

-BF 4 is a rank four 2 -compact group containing a rank five elementary abelian 
2-group A 5 C F 4 such that [59, 2.1] 

H*(BF 4 ; F 2 ) £* H*(BE 5 ; f 2 ) a < f ‘N b «) * ^ y ,^ 

where the Quillen automorphism group is the parabolic subgroup 

A(F 4 )(B 5 ) = ( GL ‘ 2 0 F2 » GL( * Fj) ) C GL(5,F 2 ) 

of order 2 6 |GL(2, F 2 )| |GL(3, F 2 )|. The inclusion functor A(A(F 4 )(A 5 ), A 5 ) —» 
A(F 4 ) is a category equivalence by Lannes theory [32]. Inspection of the list of cen¬ 
tralizers of elementary abelian 2-groups in F 4 [59, 3.2] shows that ZCf 4 (V) = V 
for each nontrivial V C E5 so that the functor tt2BZCf 4 = 0 and ttiBZC'f 4 = 
H°{A(F 4 )(E 5 )(—); E 5 ). Thus ttiBZCf 4 is an exact functor (2.69) and lim° ttiBZCf 4 
A°(A(F 4 )(A 5 );A 5 ) = 0. 

It is known that H°(W; T)(F 4 ) = 0, H\W; f)(F 4 ) = 0, and H 2 (W]T){F 4 ) = 

Z/2 [24, 26], 

Proof of Theorem 1.6. Condition (1 & 2) is satisfied for F 4 because cen¬ 
tralizers of rank one objects [59, 3.2] 

SU(2) x Sp(3) n 

Z/2 ' Spm(9) 

and centralizers of rank two objects [59, 3.2], 

U(l) x U(3) Spin(4) x Spin(5) c . fo ^ 

- Zft -* Z/2 ' - z 72-' Spm(8) 

have uniquely A-determined centralizers. This follows from 2.§2 as the simple 
factors are uniquely A-determined (1.2, 1.3). There are no nontoral elementary 
abelian 2-group of rank two. There is a unique nontoral A 3 of rank three and 
a unique nontoral elementary abelian 2-group E 4 of rank four and A(F 4 )(A 3 ) = 
GL(3,F 2 ), A(F 4 )(A 3 ) = 2 3 • GL(3,F 2 ), C F 4 (A 3 ) = (Z/2 ) 2 x 0(3), C'f 4 (A 4 ) = 
(Z/2 ) 3 x 0(2) [59]. It follows that the relevant higher limits vanish, and since 
there are no nontoral elementary abelian 2-groups of rank two, F 4 is uniquely A- 
determined by 2.48 and 2.51. 

The automorphism group of the 2-compact group F 4 is (2.17) the middle term 
of the exact sequence (2.9). ( All automorphisms of F 4 preserve the extension class 
e(F 3 ) which is the nontrivial element of H 2 (W;T) = Z/2 [10, 34].) The group 
Outtr(kF(F 4 )) of trace preserving outer automorphisms is cyclic of order two but 
the nontrivial outer automorphism of W{F 4 ) can not be realized as conjugating 
with an element of The center of W{F 4 ) is C 2 = (—A). We conclude 

that Aut(F 4 ) = Z X \Z^ consists entirely of unstable Adams operations. □ 

4. The A-family 

We consider the 2-compact groups A 6 , AA 7 , and A 8 . 

Proof OF Theorem 1.7. According to [23], the Lie group Eq contains two 
conjugacy classes of elements of order two, 2 A and 2 B. Their centralizers are 
Ce 6 (%A) = SU(2)oSU(6) and Ce^B) has shape T 4 D 5 . There is a unique maximal 
nontoral elementary abelian 2-group A 5 C F 4 C Eq. It follows that Eq contains a 
unique nontoral rank three elementary abelian 2-group A 3 and a a unique nontoral 
rank four elementary abelian 2-group E 4 with automorphism groups A(Ag)(A 3 ) = 
A(F 4 )(A 3 ) = GL(3,"f 2 ) and A(A 6 )(A 4 ) D A(F 4 )(A 4 ) = 2 3 • GL(3,F 2 ). We may 
compute the centralizer of A 3 , Cf; 6 (A 3 ) = A 3 x SU(3), as the centralizer of rank two 
elementary abelian 2-group in Ce 6 { 2 A). Consequently, the centralizer Ce 6 (E 4 ) = 
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Eg x Cgu(3)(Z/2) = Eg x U(2). Using Oliver’s cochain complex we see that the 
relevant higher limits vanish. We verify the first two conditions of 2.51 by using 2.54. 
Since H 1 (W;T)(Eq) = 0 [35] we need to show that the limit from 2.54 is trivial. 
This is a machine computation in the toral subcategory of Eg. There are two toral 
subgroups of rank one (as already mentioned), both with H 1 (Wo;T ) = Z/2, and 
four toral subgroups of rank two; two of these are pure and two are nonpure. By 
considering the two nonpure elementary abelian 2-groups of rank two, we see that 
the limit is indeed trivial. Since also there are no rank two nontoral elementary 
abelian 2-groups, it follows from 2.51, that Eg is ^determined. It has 7r* (-AO- 
determined automorphisms by 2.48. 

According to [23], the Lie group PE 7 contains three conjugacy classes of ele¬ 
ments of order two with centralizers Cpe 7 {2B) = SL(2, C)oSL(12, R), Cpe 7 { 4 A) = 
(GL(1,C) o Eq) x Z/2, and Cpe 7 (4H) = SL( 8 ,C)/(i) x Z/2. We verify the first 
two conditions of 2.51 by using 2.54. Since H 1 {W]T)(PEi) = 0 [35] we need to 
show that the limit from 2.54 is trivial. This is a machine computation in the 
toral subcategory of PE 7 . We have H 1 (Wq\T) = Z/2 for each of the centralizers 
just mentioned. There is a unique rank two toral object E 2 C PE 7 containing 
all three conjugacy classes 2B, 4A, 4H. The centralizer of E 2 has shape TgAiA 5 
and H 1 (Wq\T) = (Z/2) 3 . By mapping the three rank one objects into this sin¬ 
gle rank two object, we see that the limit is indeed trivial. Still according to 
[23], there are three nontoral rnak two elementary abelian 2-groups. One is 2A- 
pure, has centralizer (Z/2 ) 2 x PSL( 8 ,R) and automorphism group A(PE^(E 2 ) = 
GL( 2 ,F 2 ), one is nonpure, has centralizer (Z/2 ) 2 x PGL(4,H) and automorphism 
group A(PEt)(E 2 ) = C 2 , and the third one is 4R-pure, has centralizer (Z/2 ) 2 x F 4 
and automorphism group A(PE' 7 )(E 2 ) = GL(2,F 3 ). We use 2.63 to verify the 
third condition of 2.51. It turns out that W(PE^) contains two elements, v\ and 
v 2 , of order two with +l-eigenspace of dimension four. The image of Cw(pe 7 ){ v 1 ) 
in GL( 7 ri(T '" 1 g Q) = GL(4, Q) has order 2 5 • 3 1 while in case of v 2 we get an image 
of order 2 7 • 3 2 . We conclude that if E 2 C N{PE 7 ) is preferred lift of the nonpure 
nontoral rank two object, then the image in W(PE^) is v\. This observation can 
be used in connection with 2.63 to verify the third condition of 2.51. It remains to 
be seen that the relevant higher limits vanish. This is a computation with Oliver’s 
cochain complex very similar to the ones alredy seen. We omit the details. Now 
2.48 and 2.51 imply that PE7 is uniquely TV-determined. 

The proof for the 2-compact group Eg is similar to the proof for Eq since there 
are no nontoral rank two elementary abelian 2-groups in the simply connected Lie 
group Eg,. □ 



CHAPTER 8 


Proofs of the main theorems 


This chapter contains the proofs the main results stated in the Introduction. 

1. Proof of Theorem 1.2 

We show that PGL(n + 1, C) is uniquely ^determined by induction over n. 

The induction step is provided by Lemma 8.1 and the start of the induction by 
Proposition 8.2. 

8.1. Lemma. Suppose that PGL(r + 1,C) is uniquely N-determined for all 
0 < r < n. Then PGL(n + 1, C), n > 1, satisfies conditions 2.48.(1) (for 7r*(lV)- 
determined automorphisms), 2.51.(1), 2.51.(2), and 2.51.(3). 

Proof. Condition (1) of 2.48 (for 7r*(A)-determined automorphisms) is con¬ 
cerned with centralizers CpGL(n+i,c)(A, A) of rank one objects (3.5). The condition 
is satisfied for all connected rank one centralizers by the induction hypothesis and 
2.42, 2.39. The condition is satisfied for the nonconnected rank one centralizer 
(when n + 1 is even) by 2.35 since H 1 (C 2 \ Z/2°°) = 0 for the nontrivial action of 
the cyclic group C 2 of order two on Z/2°°. 

We use 2.54 to verify conditions (1) and (2) of 2.51. Let ( V , v) be a toral elemen¬ 
tary abelian 2-subgroup of PGL(?r+l, C) of rank < 2 and C{v) = C'pgl(w+i,c) (^) its 
centralizer. We have seen that C(v) is LHS (§2) and that Z(C{v) 0 ) = Z(N 0 (C(is))) 
as C{v) 0 does not contain a direct factor isomorphic to GL(2, C)/GL(1, C) = SO(3) 

(2.32, (3.5)). The identity component C{v) 0 has 7r*( N (-determined automorphisms 
according to 2.38 and 2.39, and C{v) has ^determined automorphisms by 2.35. 

The identity component C{v) 0 is ^determined according to 2.42 and 2.43, and 
C{v) is ^determined by 2.40. Thus C{y) is LHS and totally ^determined. 

The functor H 1 ( WjWo ; f ( v ) is zero on A(PGL(n + 1, C))^ except on the ob¬ 
ject (y, v) = (iofiofiofio)) when n + 1 = 4ig, where it has value Z/2. However, 
this object has Quillen automorphism group GL(H) and since the only GL(y)- 
equivariant homomorphism St(H) = V —> Z/2 is the trivial homomorphism, lim 1 (A(PGL(n+ 
1, C))^ 2 > H 1 (W/Wq\T^)) = 0 follows from Oliver’s cochain complex [53]. 

We now turn to condition (3) of 2.51. When n + 1 is odd there are no non- 
toral rank two objects (3.3) and so there is nothing to prove. When n + 1 = 2m 
is even, let ( H , v) be the unique nontoral rank two object of A(PGL(2m, C)) 

(3.17.(1)). Let X' be a connected 2-conrpact group with maximal torus normalizer 

j' : N (PGL(2?n, C) —> X'. We must show that v' L and f v> L : G P GL( 2 m,c) {H, v) —> Cx' (H, v' L ) 

as defined in 2.51.(3) are independent of the choice of rank one subgroup L C V. 

When m = 1, the claim follows from 2.59, 2.60, 2.62 (where v(V) and v'(V) are 
isomorphisms in this case) since PGL(2, C) does contain a unique rank one ele¬ 
mentary abelian 2-group with nonconnected centralizer (3.9) and a unique nontoral 
rank two elementary abelian 2-group (3.17.(1)). When m > 1, we use 2.63 which 
immediately yields that u' L is independent of the choice of L < V. There exists a 
torus T v —> Cn(Y^l) as 2.63.(2) because the three preferred lifts ufi, L <V, 
differ by an automorphism of H (the Quillen automorphism group of ( H , v) is the 
full automorphism group Aut (H) of H (3.17.(1))). Since the identity component of 
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CpGL(n+i,c){H,v) is uniquely A-determined by induction hypothesis, the restric¬ 
tion (f Vt L ,)o °f fv,L t° the identity components is independent of the choice of L 
(2.15.(2)). Also 7 t 0 (/i/,l) is independent of the choice of L < V by 2.62 (where 
7To (p{V)) and tt 0 (V'(V)) are isomorphisms). But since PGL(to, C) is centerfree /„,£ 
is in fact determined (use one half of [42, 5.2]) by {f v ,L)o and no(fv,L)- We conclude 
that fv,L is independent of the choice of L < V. 

□ 

8.2. Proposition. The 2-compact group PGL(2, C) is uniquely N-determined. 

Proof. The centralizer cofunctor Cpgl( 2 ,c) takes the Quillen category of PGL(2, C), 
consisting (3.9, 3.17) of one toral line, L, and one nontoral plane, H, 

(8.3) L - 

to the diagram 

(8.4) GL(1, C) 2 /GL(1, C) x C 2 < -A0 gl (h)°* 

of uniquely A-determined 2-compact groups. The 2-conrpact toral group to the 
left is uniquely TV-determined because (2.41) H l (C 2 ] Z/2°°) = 0 for the nontrivial 
action of C 2 on Z/2°°. The center cofunctor takes this diagram back to the starting 
point (8.3) for which the higher limits vanish (2.69). PGL(2, C) is thus uniquely 
TV-determined by 2.48 and 2.51. □ 

Proof OF Theorem 1.2. The proof is by induction over n > 1. The start of 
the induction is provided by 8.2. The induction step is provided by 8.1 and 3.18 
using 2.48 and 2.51. 

According to 2.17, the automorphism group 

Aut(PGL(n + 1,C)) = W\N ghl) (W) = IU\(Z 2 X ,IU) = Z{W)\Z$ 

is isomorphic to Z X \Z 2 for n = 1 and to Z 2 for n > 1. Here we use [39] or the exact 
sequence (2.9) where we note that Out tr (M / ), is trivial for all n > 1; Out(£ n+ r) is 
trivial for all n ^ 5 [28, II.5.5] and the nontrivial outer automorphism of Eg does 
not preserve trace. □ 

Proof of Corollary 1.8. Let X = GL(n, C), n > 1, and write T, W and 
L for T(X), W(X), and L(X). Since the adjoint form PX = PGL(n, C) of X 
is uniquely TV-determined (1.2), so is X (2.38, 2.42). The extension class e(X) £ 
H 2 (W;T) (§2.4) is the zero class since the maximal torus normalizer N(X) = 
GL(1,C) l £„ splits. Therefore, Aut(X) is isomorphic to IT\A GL ( L )(IT) (2.17). 

Using the exact sequence (2.9), we conclude, as in the proof of Theorem 1.2, that 
AutpO = Z(W)\ Aut Z2 iv(L) = Z(W)\ Autz 2 s n (Z^). □ 

2. Proof of Theorem 1.3 

The proof of Theorem 1.3 uses induction over n simultaneously applied to the 
three infinite families PSL(2n,R), SL(2n+ 1,R), and PGL(n,H). 

Proof of Theorem 1.3. The statement of the theorem means (2.11) that the 
2-conrpact groups 

• PSL(2n, R), SL(2n+ 1, R), andPGL(n,H) have 7T* (A)-determined auto¬ 
morphisms, 

• PSL(2n, R), SL(2n + 1,R), and PGL(n, H) are A-deternrined. 

We may inductively assume that the connected 2-conrpact groups PSL(2z,R), 1 < 
i < n — 1, SL(2i + 1, R), 1 < i < n — 1, and PGL(z,H), 1 < i < n, are uniquely A- 
deternrined. From Theorem 1.2 we know that PGL(i, C) is uniquely A-deternrined 
for all i > 1. The plan is now to use 2.48 and 2.51 inductively. 

Consider first the connected, centerless 2-compact group PSL(2n,R). 
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PSL(2n, R) has TV-determined automorphisms: According to 2.48 it suffices to show 
that 

(1) CpsL(2n.R) (L) has TV-determined automorphism for any rank one elemen¬ 
tary abelian 2-group L C PSL(2n,R). 

(2) lim 1 (A(PSL(2n,R)),7r 1 RZCp SL(2n , R) ) = 0 = lim 2 (A(PSL(2n,R)),7r 2 RZC PSL(2n , R) ). 

Item (2) is proved in 4.32. The centralizers that occur in item (1) are listed in 

(4.14) and (4.15). That the centralizers of (4.14) have TV-determined automorphisms 
follows, under the induction hypothesis that the 2-compact groups PSL(2i, R) , 1< 
i < n — 1, have TV-determined automorphisms, from general hereditary properties 
of TV-determined 2-conrpact groups (§2). Note here that Z(Cq) = T(Co) w ( c °' ) 
for C = CpsL( 2 n,R)(£) by [35, 1.6]. Similarly, the centralizers of (4.15) have TV- 
determined automorphisms because the 2-compact groups PGL(n, C), 1 < n < oo, 
have TV-determined automorphisms (1.2). 

PSL(2n, R) is TV-determined: We verify the four conditions of 2.51. Let V C 
PSL(2n, R) be a toral elementary abelian 2-group of rank at most 2. The cen¬ 
tralizer C = C'psL( 2 n.R)(^ / ) is one of the 2-conrpact groups listed in (4.14), (4.16), 

(4.15) , or (4.17), so it is LHS (4.19). The identity component Co of C satisfies the 
equation Z(Co) = T(Co) w ( c °^ [35, 1.6] and the adjoint form 

{ PSL(2T 0 ,R)xPSL(2ii,R) i 0 + h = n 

PSL(2T 0 , R) x PSL(2*!, R) x PSL(2i 2 , R) x PSL(2f 3 , R) i 0 + H + h + h = n 
PGL(n, C) 

PGL(i 0 ,C) xPGL(*i,C) i 0 + h=n 

in these four cases. The induction hypothesis and the general results of §2 imply that 
Co is uniquely TV-determined and that C is totally TV-determined. Since also the 
homomorphism H 1 (W;T) —» lim 1 (A(PSL(2n,R))^; H 1 (Wq\ T) w / w °) is surjective 
(4.§3), we get from 2.54 that the first two conditions of 2.51 are satisfied. The third 
condition has been verified in 4.§4 and the fourth, and final, condition in 4.32. 

PSL(2n,R) has 7r*(TV)-determined automorphisms: This means that the only au¬ 
tomorphism of PSL(2n, R) that restricts to the identity on the maximal torus is 
the identity, ie that 

R 1 (lT;T)(PSL(2?z,R))nAM(Aut(PSL(2n,R))) = {0} 

where AM is the Adams-Malimud homomorphism (§2.4). For n > 4, H 1 (W; T)(PSL(2n, R)) = 
0, and there is nothing to prove. Consider the case n = 4. Let / be an automor¬ 
phism of PSL(8, R) such that AM(/) e H X (W\ T). Let L C PSL(8, R) be any rank 
one elementary abelian 2-group. Since / is the identity on the maximal torus, f(L) 
is conjugate to L so that / restricts to an automorphism of CpgL(s,R)(L) and to an 
automorphism of the identity component of CpgL(8,R)(L)- Since CpgL(8,R)(C)o has 
7r*(TV)-determined automorphisms by 2.38 and 2.39, / € H 1 (W;T)(PSL(2n, R)) re¬ 
stricts to 0 in iL 1 (lT; T)(C P sl(8.r)(L)o)- However, the restriction map is injective 
(see the proof of 4.20) so that / = 0. This shows that PSL(8,R) has 7r*(TV)- 
determined automorphisms. 

Consider next the 2-conrpact group SL(2 to + 1, R) where m = n — 1. 

SL(2?ti + 1, R) has TV-determined automorphisms: We verify the conditions of 2.48. 

Let L C SL(2?n + 1, R) be an elementary abelian 2-group of rank 1. The central¬ 
izer C = CgL( 2 m+i.R)(-b) is given in (5.3). According to §2, C has TV-determined 
automorphisms. (Use the natural splitting of (5.11) in connection with 2.35.) See 
5.8 for the vanishing of the higher limits. 

SL(2?7i + 1, R) is TV-determined: Conditions (1) and (2) of 2.51 are verified in 5.§2, 
condition (3) in 5.§3, and condition (4) in 5.8. 
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SL(2?n + 1, R) has 7 r*(TV)-determined automorphisms: To prove this, it suffices to 
find a rank one elementary abelian 2-group L C SL(2to+ 1, R) such that C'sL( 2 m+i,R) (-b)o 
has 7 r*(TV)-determined automorphisms and such that CsL( 2 m+i,R)(-^)o —» SL(2 to + 
1,R) induces a monomorphism on H 1 (W;T). Such a line is provided by L = 
L[2m— 1,2] with centralizer identity component CsL( 2 m+i,R) (L)o = SL(2m— l,R)x 
SL(2, R); see the proof of 5.15. 

Consider finally the 2-compact group PGL(n, H) for n > 3. 

PGL(n, H) has iV-determined automorphisms: We verify the conditions of 2.48. 

Let L C PGL(n, H) be an elementary abelian 2-group of rank 1. The centralizer 
C = CpGL(n,H)(-b) is given in ( 6 . 2 ) and (6.3). According to the general results of 
§2, C has TV-determined automorphisms and according to 6.19 the higher limits 
vanish. 

PGL(n, H) is TV-determined: Note that PGL(3,H) satisfies condition (1 & 2) of 
7.§2 so that we may apply the same variant of 2.51 used for DI(4) (7.§2). When 
n > 3, conditions (1) and (2) of 2.51 follow if we can verify that the conditions of 
2.54 are satisfied. That the centralizer Cpgl( 7 »,h)(V) (6-2, 6.3, 6.4, 6.5), where V is 
an elementary abelian 2-group of rank at most two, satisfies the conditions of 2.54 
is a consequence of the general results of §2 and 6.9, 6.11. See 6.12 and 6.14 for 
condition (3) and 6.19 for condition (4) of 2.51. 

PGL(?r, H) has 7r* (TV)-determined automorphisms: We only need to consider the 
cases n = 3 and n = 4 as H 1 (W; T)(PGL(?r, H)) = 0 for n > 4 [24], In those 
two cases, it suffices, as above, to find a rank one elementary abelian 2-group L C 
PGL(n, H) such that CpGL(r!,H)(-b)o has 7r* (TV)-determined automorphisms and 
such that CpGL(n,H))(-k)o —> PGL(n, H) induces a monomorphism on H 1 (W-,f). 
Such a line is provided by L = I for which C P GL(n,H)(-Oo = GL(n, C)/ (-E) (6.3). 

Since PSL(2n, R), n > 4, is uniquely TV-determined and has a split maximal 
torus normalize!’, its automorphism group is isomorphic to W\Nq L ( L - ) (W) by 2.17. 
When n = 4, the group, Out tr (kP), to the right in the exact sequence (2.9) is the 
permutation group S 3 . There are Lie group outer automorphisms inducing S 3 . 
When n > 4, 


Aut(PSL(2n, R)) £* W\N GHL) (W) 
= {wn (Z x , d))\ (Z 2 X , Cl ) = < 


= W\ (Z*, W(PGL(2n, R))> = W\ (Z 2 X , W, d> 

(-ci)\(Z 2 x ,ci> = Z 2 X nodd 

(—1) \ (Z 2 , ci) = Z X \Z 2 x (ci) n even 


Similarly, 


Aut(SL(2n + 1,R)) = W\N Gh{L) (W) = W\ <Z X , W) = (W n Z X )\Z X = Z X \Z X 
for n > 2 by 2.17. 

The automorphism group Aut(PGL(n, H)), n > 3, is (2.17) contained in IT\TVgl(l)(RO 
Z X \Z 2 . Since H 2 (W;T) is an elementary abelian 2-group [34], it is isomorphic 
to the second cohomology group H 2 (W\ f(PGL(n, H))) with coefficient module 
t(PGL(n, H)), the maximal elementary abelian 2-group in the maximal torus. The 
unstable Adams operations with index in Z 2 act trivially here since they act as 
coefficient group automorphisms. Thus all elements of VL\TV G l(l)( 1P) preserve the 
extension class e € H 2 (W ; T) and we conclude that Aut(PGL(n, H)) = Z x \Z 2 . □ 


Proof of Corollary 1.9. Note first that GL(n, R) is LHS for all n > 1. 
If n is odd, GL(n, R) = SL(n, R) x ( —E ) is LHS because its Weyl group is the 
direct product of the Weyl group of the identity component with the component 
group. If n is even, see 2.29.(5). According to 2.35 and 2.40, GL(n,R) is totally 
TV-determined. 

If n is odd, the identity component has trivial center, so that Aut(GL(n, R)) = 
Aut(SL(n,R)) = Z X \Z 2 by the short exact sequence [42, 5.2]. 
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Suppose next that n = 2to is even. When m = 1, Aut(GL(2, R)) = Aut(Z/2, Z/2°°, 0) = 
Aut(Z/2°°) = Z 2 according to (2.6). When m > 1, Z(SL(2?n, R))) = 

i? 1 (7r; (— E)) is the order two subgroup (S) of Aut(GL(2m, R)) generated by the 
group isomorphism 5(A) = (det A) A, A G GL(2?n,R), and H l {W] T) = Hom(W a b, (— E)) = 
Z/2 x Z/2 (for to > 2) [24, 34] is the middle group of an exact sequence 

0^H\ir,(-E)) -► ^(WjT) R^Wojf) -► 0 

because GL(2 to, R) is LHS. (For m = 2, 7J 1 (W'o; T) = 0 and iJ 1 (7r; Z(SL(2?n, R))) = 

Z/2, though.) In the exact sequence (2.6) for the automorphism group of N = 
lV(GL(2m, R)) = lV(SL(2m+l, R)), the group on the right hand side is Aut(W, T, 0) = 

(W, Z 2 ) as for SL(2 to + 1,R). Thus Aut(TV) is generated by H 1 (W;T), W, and 
Z 2 so that Aut(N, N 0 ) = Aut(lV) as W 0 is normal in W. Note that these three 
subgroups of Aut(N,N 0 ) commute because of the special form of the elements of 
H\W;T) = Hom(W ab , (-£)). Hence 


Aut(iY,7V 0 ) _ (H\W-,T),W,ZZ) _ (H\W; T ), W 0 , d, Z x ) _ (ff^W; ?),<*, Z x > 


Wo 


Wo 

(ff 1 (VF;T , ),c i,Z*[ 
< — c i> 

FT : 


Wo 

= H l {W]T) x Z 2 X 


= Id 1 (W;T) x (ci) x Z X \Z 2 to even 


W 0 n (^(WF/cpZ^) 

to odd 


According to 2.18, the automorphism group Aut(GL(2m, R)) is a subgroup of the 
above group and 

( S ) x Z 2 to odd 

(5) x (ci) x Z X \Z 2 to even 
for to > 1. □ 


Aut(GL(2m, R)) = 


3. Proof of Theorem 1.1 

At this stage we know that DI(4) and G, for any compact, connected simple, 
centerless Lie group G, are uniquely ^determined when considered as 2-conrpact 
groups. 

Proof OF Theorem 1.1. Let X be a connected 2-conrpact group. The split¬ 
ting conjecture is true on the level of maximal torus normalizers [14, 1.12] in the 
sense that N(X) = N(G) x 7V(DI(4)) 4 . From 2.38, 2.39, 2.42, and 2.43 we know 
that G x DI(4) ( is uniquely ^determined. In particular, X and G x DI(4) 4 are 
isomorphic. Let now X be any 2-compact group, not necessarily connected. The 
remarks at the beginning of Section 2 in Chapter 2 show that the LT'-injectivity, 
i = 1,2, condition holds for X. Thus X has ^determined automorphisms by 2.35 
and X is TV-determined by 2.40 if we also assume that X is LHS (2.27). □ 




CHAPTER 9 


Miscellaneous 


This chapter contains standard facts used at various places in this paper. 


1. Real representation theory 

Real representations are semi-simple and determined by their characters [29, 
2.11, 3.12.(c)[. Any simple real representation arises from a simple complex repre¬ 
sentation in the following way: Let \ be the character of a simple complex repre¬ 
sentation of a finite group G. Then [29, 13.1, 13.11, 13.12] 

X 7^ X, £ 2(x) = 0: = x + X is the character of a simple R-module of 

complex type. 

X = X, £ 2 (x) = +1 : X is the character of a simple R-module of real type. 

X = X> £ 2(x) = — 1: ^ = 2x is the character of simple R-module of quater¬ 
nion type. 

where £ 2 (x) = EgecXiff 2 )- 


9.1. Example. (1) The character table of the cyclic group C4 of order 4 


c 4 

£ 2 

1 

-1 

i 

—i 

Xi 

+ 

1“ 

1 

1 

1 

X2 

+ 

1 

1 

-1 

-1 

X3 

0 

1 

-1 

i 

—i 

X4 

0 

1 

-1 

—i 

i 


shows that there are two linear real representations and one 2-dimensional sim¬ 
ple real faithful representation of complex type with character if) = X 3 + X4 = 
( 2 ,- 2 , 0 , 0 ). 

(2) The character table of the dihedral group D$ = 2),_ +2 


Ds 

£ 2 

1 

-1 

Ri 

r 2 

i 

Xi 

+ 

1“ 

1 

1 

1 

1 

X2 

+ 

1 

1 

-1 

1 

-1 

X3 

+ 

1 

1 

1 

-1 

-1 

X4 

+ 

1 

1 

-1 

-1 

1 

X5 

+ 

2 

-2 

0 

0 

0 


shows that there are four linear real representations and one 2-dimensional simple 
real faithful representation of real type with character xs = (2, —2, 0,0, 0). 

(3) The character table of the quaternion group Q$ = 2[_ + (identical to the one for 
D$ except for one value of £ 2 ) 


Qs 

£ 2 

1 

-1 

k 

j 

i 

XI 

+ 

1“ 

1 

1 

1 

1 

X2 

+ 

1 

1 

-1 

1 

-1 

X3 

+ 

1 

1 

1 

-1 

-1 

X4 

+ 

1 

1 

-1 

-1 

1 

X5 

- 

2 

-2 

0 

0 

0 
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shows that there are four linear real representations and one 4-dimensional sim¬ 
ple real faithful representation of quaternion type with character ip = 2\5 = 
(4,-4,0,0,0). 


We are interested in real oriented representations, i.e. homomorphisms of finite 
groups into the special linear group SL(2n, R) (as opposed to homomorphisms into 
the general linear group GL(2n, R)). The outer automorphism of SL(2n,R) is 
conjugation by any orientation reversing matrix such as D = diag(—1,1,..., 1). 

9.2. Lemma. Let V C PSL(2n, R) be an object of A(PSL(2n, R)) and G = 

V* C SL(2 n, R) its inverse image in SL(2n, R) as in 4.8. Then 

V andV D are nonisomorphic objects of A(PSL(2n, R)) <=>• iVGL(2n,R)(C?) C SL(2n,R) 
Proof. We note that 


V, V u are isomorphic objects of A(PSL(2n,R)) 


G, G d are conjugate subgroups of SL(2n, R) 

q ^ ^fZ)SL(2n,R) 


JV G L(2n,R)(G)n£>SL(2n,R) ^0 
-^GL (2 n,R) (G) £ SL(2n,R) 


for any nontrivial elementary abelian 2-group V C PSL(2n, R). 


□ 


For instance, all representations of elementary abelian />groups are conjugate 
in SL(2n, R) if and only if they are conjugate in GL(2n, R) - as in 4.12. 

Let A(GL(2n, R))(G) be the subgroup of Out(G) consisting of all outer auto¬ 
morphisms of G induced by conjugation with some element of GL(2n, R) [47, 5.8] 
(ie A(GL(2n, R))(G) is the group Out tr (G) of all trace preserving outer automor¬ 
phisms of G) and A(SL(2n, R))(G) the subgroup of Out(G) consisting of all outer 
automorphisms of G induced by conjugation with some element of SL(2n, R). Since 

(9.3) ATgl ( 2„,r)(G)/GG gl(2 „ iR) (G) ^ A(GL(2n,R))(G) 

we conclude from 9.2 that 


G, G d are nonconjugate subgroups of SL(2?r, R) ^gl( 2 w,r) (G) C SL(2n, R) 


Ggl(2w,r)(G) C SL(2?r, R) 
A(SL(2n,R))(G) = A(GL(2n,R))(G) 


Let V and E be objects of A(PSL(2n, R)) such that dim V+l = dim E. If there 
are morphisms V —> E and V D —> E, then (some representative of) E = (jV,V D ) 
is generated by the images of (some representatives of) V and V D so that E = E D . 
Conversely, if E = E D and there is morphism V —> E then there is also a morphism 
V D -» E d = E. 

We have 2(</r D ) = 2</> G Rep(G, SL(4n, R)) for any oriented real degree 2 n 
representation <p G Rep(G, SL(2n, R)) as the conjugating matrix 2D is orientation 
preserving. 


9.4. Example. (1) Let G C SL(2d, R) be a finite group making R 2d a simple 
RG-module of complex type. Consider the image of G C SL(2nd, R) of G under 

the n-fold diagonal SL(2d, R) -^-> SL(2dn, R). The centralizer GGL( 2 nd,R)(G) = 
GL(n, C) is connected, hence contained in SL(2dn,R). Since G G L(2d,R)(G) = 
GL(1, C), the elements of G commute with i € GL(1, C) and we may factor the 
inclusion of G into SL(2dn,R) as 

G G gl(m>r) (*) = GL(d, C) GL(dn, C) ^ SL(2dn, R) 
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Let x be the character for G in GL(d, C) so that the character for G in GL(2d, R) 
is X + X- There are inclusions 

A(GL(2dn, R))(G) = A(GL(2d, R))(G) = Out X+ *(G) 
A(SL(2dn, R))(G) - 4 A(GL(d, C))(G) = Out x (G) 


where Out^(G) is the group of all outer automorphisms that respect the function 

<t>- 

(2) Let G C GL(d, R) be a finite group making R d a simple RG-module of real 
type. Consider the image of G C SL(2nd, R) of G under the 2?r-folcl diago¬ 
nal GL(d, R) Az - > SL(2dn,R). The centralizer GGL( 2 nd,R)(G) = GL(2n,R) is 
contained in SL(2 dn, R) when d is even. We my factor the inclusion of G into 
SL(2dn,R) as 

G GL(d, R) -> GL(d, C) ^4 GL(nd, C) -> SL(2nd, R) 

and as the trace functions for G in GL(d, C) and GL(2n<i, R) are proportional 
A(GL(2nd,R))(G) = A(GL(d, C))(G) C A(SL(2dn,R))(G). Hence G ^ G D in 
SL(2?ui, R). 

(3) Let G C SL(4d, R) be a finite group making R 4d a simple RG-module of 
quaternion type. Consider the image of G C SL(4nd, R) of G under the ?r-fold 
diagonal SL(4d, R) —^ SL(4dn,R). The centralizer Ggl(4*j,r)(G) = GL(n, H) 
is connected so it is contained in SL(4dn,R). Since GcL( 4 d,R)(G) = GL(1,H) C 
GL(2, C) the elements of G commute with i £ GL(2, C) and we may factor the 
inclusion of G into SL(4dn,R) as 

G -> C GL(4d , R) (i) = GL(2d, C) -^4 GL(2nd, C) -> SL(4nd, R) 

and as the trace functions for G in GL(2d, C) and GL(4nd, R) are proportional 
A(GL(4nd,R))(G) = A(GL(2d,C))(G) C A(SL(4dn,R))(G). Hence G ^ G D in 
SL(4nd, R). 

(4) R 2 is a simple RG 4 -module of complex type with respect to the group 

G 4 = (I) C SL(2,R), 

Consider the image of C 4 in SL(2n, R) under the n-fold diagonal. The Quillen 
automorphism group A(GL(2n, R))(C 4 ) = A(GL(2, R))(G 4 ) = Out(C 4 ) since the 
trace lives on G 4 (G 4 ) = (-E) only. However, 


. . I Out(G 4 ) n even 

A(SL(2n, R))(C 4 ) = < ' 

Ml} n odd 


so that G 4 7 ^ Gf 5 ■$=$■ n even. 

(5) R 4 is a simple RGi 6 -module of complex type with respect to the group 


G 16 = 4o2 ^+ 2 


R 

0 \ 

T 

0 \ 

U 

R 1 

VO 

T 


(“ ( f))cSL(4,R) 



T 


Consider the image of G 4 6 in SL(4n, R) under the n-fold diagonal. The Quillen 
automorphism group A(GL(4n,R))(G 4 6 ) = A(GL(4, R))(G 4 6 ) = Out(G 4 6 ) — 
Out(G 4 ) x Sp(2, F 2 ) since the trace lives on the derived group [G 4 6 , G\§] = {—E) 
only. In fact, A(GL(2, C))(G 4 6 ) is the factor Sp(2,F 2 ) and since the generator 

of the factor Out(C 4 ) is induced from conjugation with the matrix of 

SL(4, R), we see that also A(SL(4, R))(G 4 6 ) C A(SL(4n, R))(G 4 6 ) is the full outer 
automorphism group of G 4 6 . Hence Gi 6 7 ^ Gfg in SL(4n, R). 
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(6) R 2 is a simple RG-module of real type with respect to the group 

G = 2 1 / 2 = (R, T) c GL(2, R) 

Consider the image of G in SL(4n, R) under the 2n-fold diagonal map. Then 
G^G D inSL(4n,R). 

(7) R 4 is a simple RG-module of quaternion type with respect to the group 

° = 2L+2 = ((« "<>*)'(£ f))cSL(4,R) 

Consider the image of G in SL(4n, R) under the n-fold diagonal map. Then 
G^G D inSL(4n,R). 

9.5. Representations of (generalized) extraspecial 2-groups. The ex¬ 
traspecial 2-groups G = 2±~ 2d have [29, 7.5] 2 d linear characters (that vanish on 
ISi(G) = G' = Z(G ) = C 2 ) and one simple complex character 


x(g) 


0 g^Z(G) 

2 d \(g) g £ Z(G) 


induced from the nontrivial linear character (group isomorphism) A: Z(G) —> {±1}. 

If G = 2 1 + 2d is of positive type, e 2 (x) = +1 and \ a = X f° r all a G Out(G), 
isomorphic to 0 + (2d, 2) [28, III.13.9.b]. This complex character is also the character 
of the unique simple real representation G —> GL(2 d , R) which is of real type; 
when d is even this representation actually takes values in SL(2 d ,R) but when d 
is odd this representation is not oriented. The unique faithful real representation 
G -> GL(2 • 2 d , R) with central Gi has character 2 \ and it splits into two distinct 
oriented real faithful representations 1 p,tl> D '■ G —> SL(2 • 2 d ,R) invariant under the 
action of Out(G) (9.4.(2)). 

If G = 2]_ +2d is of negative type, £ 2 (x) = —1 and \ a = X f° r all a £ Out(G), 
isomorphic to 0~(2d, 2) [28, III.13.9.b)]. The unique simple real representation 
G —> GL(2 • 2 d , R) with character 2\ is of quaternion type. It splits into two 
distinct oriented representations i/j, il> D : G —> SL(2-2 d , R) invariant under the action 
of Out(G) (9.4.(3)). 

The generalized extraspecial 2-group G = 4 o 2] t +2d has [29, 7.5] 2 l+d linear 
characters (that vanish on ISi(G) = G' = G 2 C Z(G) = C 4 ) and two simple 
complex characters 


x(g) 


0 g^Z(G) 

2 d X(g) g e Z(G) 


induced from the two faithful linear characters A: Z(G) —> (i) = C4. These two 
degree 2 d simple characters, x an d X, are interchanged by the action of Out(G) = 
Out(C 4 ) x Sp(2d, 2) [22] (interchanged by the first factor Out(C 4 ) and preserved 
by the second factor Sp(2d, 2)). The unique simple real representation G —> GL(2 • 
2 d ,R) has character X + X an d is of complex type as £ 2 (x) = 0. It splits up into 
two distinct oriented representations : G —> SL(2 • 2 d , R) invariant under the 
action of Out(G) (9.4.(1)). 

These irreducible faithful representations have easy explicit constructions that 
we now explain. 

Let E be a nontrivial elementary abelian 2-group of rank d > 1 and R[-E] its 
real group algebra. For £ £ £’ v = Hom(Fl, R x ) and u £ v, let R^,T U £ GL(R[F1]) 
be the linear automorphisms given by R^(v) = C( v ) v an d T u (v) = u + v for all 
v £ E. The computation 


Rc,T u (v) = R((u ■ v) = C(u)C(v)(u ■ v) = ((u)T u (((v)v) = ((u)T u R c (v) 
shows that R(T U = ((u)T u Rq or, equivalently, [Rq,T u ] = ((u). 
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The group 2 1 + 2d = ( R (l T u ) c GL(R[£]) c GL(C[£7]) c SL(2 d+1 ,R) is ex¬ 
traspecial and the quadratic form on its abelianization 2 2<l is given by 

q{x i, ...,x d ,yi,...,yd) = xiyi H- 1 - x d yd 

because 


(R X1 ■ ■ ■ R Xd T f • • • T v d d ) 2 = Tf ) 2 = JJ (-£)**»* 

i=l i=l 

where Ti,..., T d correspond to a basis of E, Ri ,..., R d correspond to the dual 
basis, and Xi,yt £ {0,1} = F 2 . This is the unique faithful complex representation 
of degree 2 d . It is also the character of a simple real representation G —> GL(2 d , R), 
even G —» SL(2 d , R) when d is even, of real type. 

The group 2]_ +2d = {R u ..., R d -i,iR d , Ti,..., T d _i, iT d ) c GL(C[£]) c SL(2 d+1 , R) 
is extraspecial and the quadratic form on its abelianization 2 2d is given by 

q{xi,...,x d ,yi,...,y d ) = aqyi H-bXd-iI/d-i + x d + x d y d + y d 

because 

(. R Xl ■ ■ ■ R ^ 1 {iR d ) Xd T dl ■ ■ ■ T ^ 1 (iT d ) Vd ) 2 = (-E) X * +V «(R XI ■ ■ ■ R d d T dl ■ • -Tf ) 2 

where Xi,yi € {0,1} = F 2 . This is the unique faithful complex representation of 
degree 2 d . 

The group 4 o 2± +2d = 4 o 2+ +2d = ( i , R c , T u ) = (2+ +2d , 2}+ 2d ) = 4 o 2 1 + 2d C 

GL(C[£?]) C SL(2 d+ 1 ,R) is generalized extraspecial with center C 4 = (i), derived 
group [4o2^ + 2 d ,4o2}+ 2d ] = Gi(4o2^ +2d ) =C 2 CC 4 = Z( 4o2^ +2d ), and elementary 
abelian abelianization 2 x 2 2d . The quadratic form on its abelianization is given by 

d 

q(z, xi ,..., x dl ?/i,..., y d ) = z 2 + ^ a uyt 

i= 1 

because 


(i z R Xl 


■R d d T f 1 ' 


■T y d d f = (-Ef n (R-^n 2 = {-E) Z \RT 


■■R d d n 1 


■TTf 


where z,Xi,yi £ {0,1}. This representation and its conjugate are the two faithful 
complex representation of degree 2 d . 

In the first two cases the associated symplectic inner product is 


d 

[(xi, • •, ,x d , y u ..., y d ), (x[, ...,x' d ,y[,..., y' d )\ = xiy\ + x-j/i) 


while it is 

[(z, Xi, ■ ■ >fX d , j/i,..., y d ), (z\ x[,..., x' dl y[, 


in the last case. 


d 

■■,y'd)\ = ^Z^iy'i + x' i y i ) 

i—1 


9.6. Tensor products of real representations. Suppose that R m is an 
RG-nrodule with trace \ and R” an R H module with trace p. Consider H mn = 
R m <g> R n as an R(G x fJ)-module in the usual way where ( g , h)(u<g> v) = gu<£> hv. 
The trace of this representation is h) = x(y)p(h) and the determinant is 

det(g, h) = (det g) n (det h) m . This means that if 

• to and n are both even, or if 

• to is even and R m an oriented G-representation 
then R mn is a real oriented G x R-representation. 



106 


9. MISCELLANEOUS 


9.7. Embedding GL(?r, C) in SL(2n, R). Here are two embeddings r: GL(n, C) —» GL + (2n, R) 
with the property that tr(r(A)) = tr(A) + tr(A) for all A G GL(n, C). 

If we write C” = (R + zR)", then 

GL(n, C) 9 A + iB ^ ^ (^ ij ^ G GL+ (2 n, R) 


In particular, i G GL(n, C) is sent to diag(I, • • • ,/) G SL(2?i, R) and Gsl( 2 «,r)(*) 
consists of matrices with 2x2 blocks as above. For (2 x 2)-matrices this embedding 
has the form 


GL(2, C) 9 


ai + za 2 bi + ib 2 
ci + ic 2 di + id 2 


r 1 

-02 

\a 2 

CLl ^ 

h 

-C 2 

\V C 2 

Cl , 



G SL(4, R) 


and with this convention the six subgroups of SL(4, R) isomorphic to Dg, Q%, 
Gift = 4 o 2i_ +2 are 


E 0 
0 -E 

I 0 
0 -I 

E 0 
0 -E 


0 E 
E 0 

0 I 
I 0 


0 E 
E 0 


I 0 
0 / 


D s = 

Qs = 

Gi 6 = 

If we write C" = R n + iR” then 
GL(n, C) 9 A + iB ^ 

In particular, i G GL(n, C) is sent to 


D? = 


Qs = 


s~iD _ 

u 16 — 


E 0 
0 —E 


0 -R 
-R 0 


-I 0 \ / 0 T 

0 -l)\-T 0 

E 0 \ f 0 -R\ f-I 0 

0 -E) ’ [-R 0 ) ’ l 0 I 


A 

B 

0 

E 


-B 

A 

-E 


G GL+(2n,R) 


consists of block matrices of the form as above, 
has the form 


0 j G SL(2n, R) and G SL ( 2 n,R)(*) 
For (2 x 2)-matrices this embedding 


GL(2, C) 9 


ai + ia 2 bi + ib 2 
ci + ic 2 d\ + id 2 


and with this convention the six subgroups 
Gi6 = 4 o 2^ +2 are 

n , , R 0\ (T 0 
U 8 = 

Qs = 

Gie = 


bl\ _ f a 2 b 2\\ 

> C2 d A G SL(4, R) 
d 2 ) Vci dj) 
of SL(4, R) isomorphic to D$, Q s , 


0 R 

0 -R 
R 0 

R 0 

0 R 


0 T 

0 —T 

T 0 

T 0\ f 0 -E 
0 T)’\E 0 


dp = 


Qs = 


s~iD _ 

^16 — 


R 0\ f—T 0 
0 RJ ’ \ 0 T 

0 EA ( 0 -I 
-E 0 ) ’ \-I 0 

R 0\ f—T 0\ / 0 R 
0 R )’ l 0 T) ’\-R 0 


2. Lie group theory 


Some facts from Lie theory are collected here. 



2. LIE GROUP THEORY 


107 


9.8. Centerings. There are centerings [55] 

L(pin(2n)) A L(GL(2n, R)) L(PGL(2n,R)) 

where 

P(x i,x 2 ,...,x n ) = (2x!-x 2 - x n ,x 2 , ■ ■ ■ ,x n ), Q(x 1 ,x 2 , . .. ,x n ) = (2x 1 ,x 1 —x 2 ,. .. ,x 1 —x„) 

The expression for P is worked out in [7, pp. 174-175]. The expression for Q follows 
from the commutative diagram 

T(GL(2n, R)) = U(l) n -^ U(l) ri / <(-l,..., -1)) = T(PGL(2n, R) 

U(l) n 



where <p{z i, z 2 ,..., z n ) = (zf, zizf 1 , ■ ■ ■, z\z~ x ) is surjective with kernel C 2 = ((—1,.. . , — 1)). 
Since the action of the Weyl group C 2 1 £„ is known in L(GL(2?r, R)), the two other 
actions can be worked out as well. The action in L(pin(2n)) is P~ 1 (C 2 l £„)P and 
the action in L(PGL(2n,R)) is Q(C 2 l T, n )Q~ 1 . Here, 


P (^1) ^2} • • • i ^n) ( <-» (^1 +-b ^2? • • • •> 


Q 1 (ui,u 2 ,... ,u n ) = - u 2 ,... ,^ui u n 


are the inverses. 


9.9. Centralizers in semi-direct products. Let G xi W be the senri-direct 
product for a group action of W on G. The following lemma is elementary. 

9.10. Lemma. For any g G G and w € W, 

CG*iw(g,w) = {(h,v) | 3 w G C w (w ): g(wh) = h(vg)}, 

C G »w(g) = {(h,v)£GxW\vg = g h }, C G> , w {w) = G w x C w (w) 

where G w is the fixed point group for the action of w on G. If G is abelian then 

C G y,w(g) = G x W(g) 

where W(g) = {to G W \ wg = g} is is the isotropy subgroup at g. 

Let g: V —> T x W be a group homomorphism of an elementary abelian 2- 
group V into the senri-direct product of a discrete 2-compact torus T and a group 
W. Write g = (T(g),W(g)) for the two coordinates of g. Then W(g): V —> W 
is a group homomorphism and T(g): V —> T a crossed homomorphism into the V- 

module V W —\ W —> Aut(T). Let H l (V ; T) be the first cohomology group for this 
P-nrodule and [T(g)] G H 1 (V;T) the cohomology class represented by the crossed 
homomorphism T(g). 

9.11. Lemma. There is a short exact sequence 

0-> H°(V-,T) C txW (g) - C w (W(g)) [fW] 1 

where Cw(W(g))\f is the isotopy subgroup at [T(g)] for the action of Cw{W{g)) 

onU 1 (P;T). 
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Proof. We first determine the kernel of the homomorphism Cf. AW (jj) — > 
C w (W(n)). Let t G T. Then 

(f, 1) commutes with V \/v € V: (t, l)(T(p)(v), W{y)(v)) = (T(g)(v), W(/i)(v))(t, 1) 
<=>• Vc G V: t + T(n)(v) = T(n)(v) + W(p)(v)(t) 

<==$■ \/v G V: W(g)(v)t = t 
t G H°(V ; T) 


More generally, for any element (t, w) G T x W we have 

(t,w) commutes with V -<=>• \/v G V: (t,w)(f(fj,)(v),W(iJ,)(v)) = (f(fj,)(v),W(fj,)(v))(t,w) 

Vc G V : s + wT(fi)(v) = T{g){v) + W(fj,)(v)(t),wW(fj,)(v) = W(g)(v)w 
4=> w G Cw{W(g)) and Vr G L: (1 — w)T(fi)(v) = (1 — W(/z)(i>))f 
■<==>• ic G Cw{W(g)) and Vc G V: wT(g)(v) = T{g){v) — (1 — W(g)(v))t 
It follows that for w G C'w(PW(/u)) we have 

ic G im (Cfxwif*) —* Cw(W(m))) G T: {t,w) G Cf^ w (pi) 

<=► ic[T( M )] = [Tfa)] 

i.e. that w fixes the crossed homomorphism T(/li) up to a principal crossed homo¬ 
morphism. □ 


9.12. Centers of semi-direct products. Let GxEbe the semi-direct prod¬ 
uct for the action E —> Aut(G) of the group E on the group G. Let G s = {g G 
G\Y,g = g} and Eg = {cr G Y,\cr(g) = g for all g G G'}. 

9.13. Lemma. The center Z (Gx E) = G s Xjv u t(G)^(S) o/GxE is the pull-back 

Z(G x E)-Z(E) 


G s -^ Aut(G) 

of the action map restricted to the center of E along the map G s —> Aut(G) given 
by inner automorphisms. 

PROOF. Suppose that (j,(t)gGxE is in the center of G x E. Since 
{g, cr) • (1, r) = {g, err) = (1, r) • (3, 0) = (r(g), to) 
for all r G E, g is fixed by E and o is central in E. Moreover, from 
(5, cr) • (ft., 1) = {g ■ cr(ft), cr) = (ft, 1) • (5, cr) = (. hg , cr) 
we see that cr(ft) = h 9 for all ft G G. □ 

9.14. Corollary. // ffte center of E acts faithfully on G through automor¬ 
phisms that are not inner, then 2(GxE) = Z(G)^. If G is abelian, then Z(GxE) = 
G s x Z{Ti)g is a direct product. 

Proof. In the first case, the vertical map Z( E) —> Aut(G) is injective and its 
image intersects trivially with the image of the horizontal map G s —> Aut(G). So 
the pull-back is G s D Z(G) = Z(G) S . In the second case, the bottom horizontal 
homomorphism G s —> Aut(G) is trivial. □ 

9.15. Corollary. Let G be a group and Z ^ G a central subgroup. Let the 
cyclic group C p of prime order p act on G p /Z by cyclic permutation. Then 

Z(G)/Z x{zG Z\z p = 1} =* Z(G P /Z x C p ) 
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via the isomorphism that takes the element z £ Z of order p to (1, z,..., z p l )Z £ 

G p /Z and is the diagonal on Z(G)/Z. 

Proof. Observe that 

G/Z x {z £ Z\z p = 1} ( G p /Z) Cp 

via the isomorphism that takes ( gZ,z ) to g(l, z ,..., z p ~ 1 )Z. To see this, con¬ 
sider an element (gi,...,g p )Z which is fixed by C p . Then (gi, 52 , • • •, g P )Z = 

(g P ,gi, • • • -,9p-i)Z so there exists an element z £ Z so that g 2 = giz,g 3 = g 2 Z = 
g 1 z 2 ,...,g p = giz p ~ 1 ,g\ = giz p . Therefore, = 1 and ( 51 , 52 , ••• ,g P ) = z ,..., 2 P_1 ). 
Thus Z(G P /Z x C p ) is the pull back of the group homomorphisms 

G/Z x {z £ Z\z p = 1} ^ Aut (G p /Z) «- C p 

where <p(gZ, z)((g±,..., g p )Z) = (gf,..., g p )Z. Let (( gZ, z), a) be an element of the 
pull back. Assume that er is non-trivial. Since p is a prime number, er has no fixed 
points. The equation 

Vsi,...,5 P £ G: {gf,...,g°)Z = {g a(1) ,..., g a{p) )Z 

shows that g/Z = g a ^Z. This is impossible unless er is the identity since otherwise 
we can find a g\ £ Z and a g a (i) ^ Thus the permutation er must be the identity. 

The requirement for (( gZ,z ), 1) to be in the pull back is that 

V(ffi,..., 0 p) £ G p 3u £ Z: (gf, g%,..., 5 ®) = (gm, g 2 u ,..., g p u) 

which implies that [gi,g\ = u = [g 2 ,g] for all g±, <72 G G. If we take g\ = 1 to be the 
identity, we see that g must be central. □ 

9.16. Centers of Lie groups and p-compact groups. Let Y be a compact 
connected Lie group and ZY its center. Let BY denote the p-completed classifying 
space of Y, ie the p-compact group associated to Y. Lie group multiplication 
ZY x Y —> Y induces a homotopy equivalence BZY —> map(J3Y, BY)bi [18, 1.4] 
of the p-completed classifying space BZY to the the mapping space component 
containing the identity map. We need a version that holds for nonconnected Lie 
groups as well. 

Let G be a possible nonconnected Lie group and ZG its center. Let BZG and 
BG denote the F p -localized classifying spaces of ZG and G, respectively. The space 
map(BG, BG)bi is the center of the p-compact group BG [18, 1.3]. 

9.17. Lemma. The map 

BZG -> map {BG, BG) b 1 

induced by Lie group multiplication ZG x G —> G, is a weak homotopy equivalence. 

Proof. Let Y be the identity component of G and n = G/Y the group of 
components. Note that the group 7 r acts on the center ZY of Y and that there is 
an exact sequence of abelian groups 

1 -► ZY) —> ZG —> Ztt —> H 1 ( tt; ZY) 

relating the centers ZY, ZG , and Ztt, of Y, G, and tt. The abelian Lie group ZG, 
a product of a torus and a finite abelian group, is described by the data 

tti{ZG) <g> Q = H°(tt; tti(ZY) 0 Q) 

1 H 0 (n; ttq(ZY)) x ^(tt-tt^ZY)) -> n 0 (ZG) Ztt H\tt-, n 0 {ZY)) x H 2 (tt; tt^ZY)) 

where the second line is an exact sequence. 

Similarly, there is a hbration of mapping spaces 

map (.By, BY) hn —■> map(l?G, BG) —> map(l?G, Bn) 
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where the fibre over BG Bn °> Bit is the space map (BY, BY) hn of self-maps of 
BG over Bn. If we restrict to a single component of the total space, we obtain a 
fibration 

ma,p(BG, BG)bi —> map(.BG, Btt)btv 0 — nrap(l?7r, Bit)bi 

between path-connected spaces. The base space is BZn. The fibre consists of some 
path-components of map (BY, BY)g[ = ( BZY ) h7T , the space of self-maps of BG 
over Bit with restriction to BY homotopic to the identity map. We have 

7 u((BZY) h ") = H'-'faMZY)) x H 2 ~ i (jT] tti(ZY)) 

because BZY = K(tt 0 Y, 1) x K{ir\Y,2) is a product of Eilenberg-MacLane spaces 
[37, 3.1] [18, 1.1]. It follows that map]!?!?, BG)bi is an abelian [17, 3.5, 8.6] 
p-compact toral group described by the data 

7 T 2 ((BZY) h7r ) (g> Q = 7r 2 (map(i?G, BG)bi) ® Q 

1 -> ni((BZY) h ™) ->7Ti(map(.BG, BG)bi) -» Ztt —> ir 0 ((BZY) h ' K ) 

where the second line is an exact sequence is an exact sequence. 

Finally, the left commutative diagram of Lie groups 

(.ZYYxG - G B(ZYY - >-(BZY) hn 

ZG x G - G -->■ BZG -* map (BG, BG) B i 

Zn x 7r-► tt BZn -► map(i?7r, Bn )bi 

induces the right commutative diagram of mapping space. Compairing the homo- 
topy groups, we see that BZ(G) —> map(5G, BG)bi is weak homotopy equiva¬ 
lence. □ 


9.18. Lemma. We have 
Z 


( GL(i 0 ,R) x • • • GL(i t ,R)^ _ (-E) x ••• x (-E) ^ 

— On 


V 


(-E) 


< ~E) 


SL(n, R) n (GL(i 0 , R) x • • • GL(* t , R))\ SL(n, R) D ({—E) x • • • x (-E)) 


(~E) 

/ GL(? 0 , H) x • • • GL(i t , H) 


(-E) 


(-E) 

(-E) x • • • x (-E) 

Ve) 


for all natural numbers io, ■...., it > 0 with sum n (which, in the second line, is even). 


Proof. (For the case where the field is R.) Put G = GL(zo, R) x • • • GL(z t , R). 
There is [47, 5.11] a short exact sequence 

1 - Z(G)/ (-E) - Z(G/ (-E)) -> Hom(G, (-E)) id - 1 

where the group to the right consists of all homomorphisms <fi: G —> (~E) such 
that the map g —> <j>(g)g is conjugate to the identity of G. Let B € GL(ij, R) be 
any matrix of positive trace. Then <j>(E ,..., E, B, E ,..., E) = E since the map 
g -7- 4>(g)g preserves trace. It follows that (j>(g) = E for all g £ G since <j> is constant 
on the 2 t components of G. Thus the group to the right in the above short exact 
sequence, Hom(G, (— E))- ld , is trivial. 

Since 

Z(SL(n, R) n nGL(z,,R))cG nGL( ,, R)( n SL('tj, R)) = J|ZGL(z,',R) 
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we see that Z(SL(n, R) fl H GL(ij, R)) = SL(n, R) n H ZGL(ij, R). Suppose that 
the homomorphism <j>: SL(n, R) n GL (ij, R) —> (-E) is such that the map g —> 
<t>{g)g is conjugate to the identity. Let B\ G GL (ij 1 , R) and B 2 G GL(*j 2 ), R) be any 
pair of matrices such that tr(Ri)+tr(R 2 ) > 0. Then 4>(E, . .., B n ,, B i2 ,... ,E) = 
E by trace considerations. The short exact sequence from [47, 5.11], similar to 
(9.16), now yields the formula of the second line. 

The formula of the third line has a similar proof. □ 

It is not true in general that Z(G)/Z is the center of the quotient G/Z of the 
Lie group G by the central subgroup Z. 


9.19. Centralizers in quotients. Let G be a Lie group and Z C G a central 
subgroup. Write N(G) for the normalizer of the maximal torus, T(G), and W = 
W(G) = N(G)/T(G) for the Weyl group. Suppose that V C T{G)/Z is a toral 
subgroup of the quotient Lie group G/Z and let V* C T(G) C G be the preimage 
of V in G. 

There is an exact sequence 

1 -> W(V*) -> W(V) -> Hom(V*, Z) 

relating the point-wise stabilizer subgroups for the action of the Weyl group W on 
V* and V. The image of homomorphism to the right consists of all ( G Hom(V*, Z) 
for which the automorphism of V* given by v* —> f(v*)v*, v* G V*, is of the form 
v* —> wv* for some Weyl group element w G W. 

Similarly, there is an exact sequence [47, 5.11] 

1 - C G (V*)/Z -> C G/ z{V) - Horn (V*,Z) 

relating the centraizers of V* C G and G C G/Z. The image of homomorphism to 
the right consists of all ( G Horn (V*,Z) for which the automorphism of V* given 
by v* —> v* G V*, is of the form v* —> g~ x v*g for some g G G. 

9.20. Lemma. W(V)/W(V*) = C G/ z(V)/C G (V). 

Proof. Any automorphism of the toral subgroup V* that is induced by con¬ 
jugation with an element of G is in fact induced by conjugation with an element of 
N(G) [7, IV.2.5] and hence agrees with the action of a Weyl group element. □ 

9.21. Action on centralizers in Lie case. Let v: V —> G be a monomor¬ 
phism of a non-trivial elementary abelian p-group to a compact Lie group G. There 
is a canonical map B C G (u(V)) —> map(BV, BG)bi, from the classifying space of the 
Lie theoretic centralizer of v(V) to the mapping space component containing Bu. 
Write c g for conjugation with g G G. 

9.22. Lemma. Suppose that ua = c g v for some element g G G and some 
automorphism a G GL(V). Then conjugation by g takes Cc{n(V)) to Ca{c g v(y )) = 
Cc{na(V)) = Cq(v{V)) and the diagram 


■ map(BV, BG) B j. 
(Be.)* 

■ map(BV, BG) B j. 


BCgHV)) 

B c g 

B C G (n(V)) 
is homotopy commutative. 

Proof. The commutative diagram of Lie group morphisms 
V x C G (y{V)) v{V) x C G {v{V)) G 

axcg 


V x C G (v{V)) 


KXl 


v{V) x C G (v(V)) 


mult 


G 
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induces a commutative diagram 


. . . . B(multo(i/xl)) 

BF x B C G {v{V)) -~ BG 


' B(multo(j/xl)) II 

By x BC g (v(V)) -- BG 

of classifying spaces. Taking adjoints, we obtain the homotopy commutative dia¬ 
gram 

BC G {v{V)) -map (By, BG) b „ 


as claimed. 


B C G {v{V)) -map(By, BG) Bt 


9.23. Corollary. Suppose that p: V N(G) is a monomorphism and that 
pa = c n p for some a £ GL(y) and n € N(G). Then 

w~ l = 7r 2 ((Ba)*): 7r 2 (BT(G);y o(/i)(y) -► 7 r 2 (BT(G)) ,ro(/i)(y) 

where w € W(G) is the image of n £ N(G). 

Proof. There is a commutative diagram 

tt 2 (BT) — tt 2 (BJV(G)) - 3 tt 2 (B C N(G) (V,p)) -=-► 7r 2 (map(By, BN), Bp) 


7T2(Bc„) 


7T2(Bc„) 


7T2 ((Bet)* 


7t 2 (BT) 7r 2 (BjV(G)) -«-^7r 2 (B C N ( G )(V,p)) -7r 2 (map(By, BN), Bp) 

where 7r 2 (BGjv(g)(L A*)) = 7r 2 (BT(G)) 7r °^ (v ^ denotes the fixed point group for 
the group action ttq(p): V —> W{G) C Aut(7r 2 (BT(G))). Since Bc„: BN —> BN 
is freely homotopic to the identity along the loop w £ tti(BN) its effect on the 
Z p [7Ti(BiV)]-module 7r 2 (BiV) is multiplication by w. □ 

9.24. Low degree identifications. There are the following low degree iden¬ 
tifications [7, pp. 61, 292] [34, above def 3.3] 

Spin(3) = Sp(l) = SU(2), SO(3) = PSp(l) = PSU(2) 

Spin(4) = Spin(3) x Spin(3) = SU(2) x SU(2), PSO(4) = SO(3) x SO(3) 
(9 ' 25 ^ Spin(5) = Sp(2), SO(5) = PSp(2) 

Spin(6) = SU(4), PSO(6) = PSU(4) 
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